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Abstract: This works deals with the analysis of the acoustic and mechanical prop-
erties of composite structures. For the investigation of the acoustic properties, linear
elasticity, geometric, physical, and structural nonlinearity, and viscoelasticity are
taken into account. Imperfect bonding between components is also considered. Dif-
ferent approximation techniques, such as the asymptotic expansion method and the
plane-wave expansion method, are used to obtain the macroscopic acoustic proper-
ties of the structure and to determine the frequency bands (passing and stopping
bands) of the composite. Stress distribution in the viscoelastic matrix of a fiber-
reinforced composite after loading of the fibers is also investigated.
Zusammenfassung: Die vorliegende Arbeit behandelt die Untersuchung der akus-
tischen und mechanischen Eingenschaften von Verbundwerkstoffen. Bei der Un-
tersuchung der akustischen Eigenschaften werden lineare Elastizita¨t, geometrische,
physikalische, und strukturelle Nichtlinearita¨ten und Viskoelastizita¨t beru¨cksichtigt.
Imperfektes Bindungsverhalten zwischen den Komponenten wird ebenfalls betrachtet.
Zur Untersuchung der makroskopischen, akustischen Eigenschaften und der Frequenz-
ba¨nder (Paß- und Stoppba¨nder) des Verbundwerkstoffs werden verschiedene Approx-
imationstechniken angewandt, wie z.B. die Anwendung asymptotischer Folgen und
der “Plane Wave Expansion”-Methode. Weiterhin wird die Spannungsverteilung in
der viskoelastischen Matrix in faserversta¨rkten Verbundwerkstoffen nach Belastung
der Fasern untersucht.
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1. Introduction
1.1. Motivation
C
omposite materials are of an increasing importance [40, 57, 93],
and there are numerous examples of applications of these mater-
ials in different fields of engineering like the automotive industry,
biomechanics, and civil engineering. Pommeranz & Lutter
[135] give the following examples of the importance of composites
in aerospace engineering: 22 % of the mass of an Airbus A380 plane consists of
carbon-fiber-reinforced polymers. This significantly reduces the weight compared
to previously used lightweight constructions of aluminum and titanium. The use of
GLARE, a glass-fiber reinforced aluminum, instead of aluminum reduces the weight
of an A380 by approximately 800 kg. Another example from the space industry em-
phasizes the need for the use of composite materials: Saving one kilogram of weight
for a launch vehicle saves up to $ 100 000 during its launch [135].
Different kinds of materials can be combined to form composites with new prop-
erties which depend on the distribution, geometry, and interaction of their compon-
ents [40]. Important classes of composites are fiber-reinforced composites, particle-
reinforced composites and laminates. These classes show different macroscopic be-
havior: While fiber-reinforced composites and laminates are basically strongly an-
isotropic, particle-reinforced composites are relatively isotropic [53].
In general, the inclusion material has a higher stiffness than the surrounding
matrix material (an exception is metal foam). Some examples of composites are:
• Fiber-reinforced polymer matrix composites (PMCs): Examples are
metal or carbon fibers in polymer matrices. This type of composite unites
different possible advantages of the components: A high tensile strength in
the fiber direction and a relatively low density. Polymers have a high chemical
resistance and protect the fibers from corrosion.
• Reinforced concrete: The tensile strength of concrete is low compared to
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its compressive strength. Concrete construction elements can be reinforced by
steel to improve the tensile strength.
• Metal matrix composite (MMC): By choosing a metal as the matrix ma-
terial, the structure has a relatively high stiffness, even in directions which
differ from the orientation of the fibers. Further advantages of MMCs are high
operation temperatures and an enhanced resistance to wear. These character-
istics of MMCs have led to their use in the space and automotive industries.
Typical reinforcement materials are carbon, boron, alumina type oxide fibers
(compositions of Al2O3 and other materials), and non-oxide ceramic fibers like
silicon carbine fibers [53].
• Naturally found composites: Although many articles and books primarily
deal with man-made structures when the term composite material is used,
there are numerous examples of naturally found structures that can be denoted
as composites. In [93], the two following examples of such naturally found
composites are given:
– wood can be described as a lignin matrix with cellulose reinforcements,
– bones consist of a mineral matrix with collagen fibers.
• Nanocomposites: If the dimensions of a component of the composite struc-
ture lies in the range of 1 nm, a composite is denoted as a nanocomposite [48].
This material class is relatively new and arose at the end of the last century.
The rapidly increasing amount of research in the field of nanotechnology and
nanocomposites has been documented by Camargo et al. [48]. Guz &
Rushchitskii [72] give a brief overview over these materials.
To guarantee an effective use of these materials, it is necessary to understand their
mechanical behavior, stress distribution, interaction of the components, failure, and
fatigue under loading. In Daniel & Ishai [60], the following challenges for the
research of composite structures are summarized:
• One goal lies in the analysis of the properties of composites by the development
of analytical and numerical procedures to obtain the required strength and
stability on the one hand and a minimum of weight on the other hand.
• Together with the theoretical analysis, experimental procedures become im-
portant to understand the behavior of the composite and to verify theoretical
results.
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• Much time, effort, and consequently relatively high expenses are required for
the production process of composite materials. Effective and efficient fabrica-
tion techniques are needed to keep the waste of materials and the costs as low
as possible.
In many areas of natural science, engineering, and medicine, the investigation of
the phenomenon of vibration and wave propagation plays an important role, for
example in finding information about the mechanical properties and the internal
structure of media by the investigation of the penetrating wave or achieving certain
acoustic properties of a construction element such as wave filters.
In geoscience, analysis of the general structure of a layer of the interior of the
earth, for example the earth’s core, is based among others on the examination of
seismic data. The article of Lehmann [106], published in 1936, gives an example
of an early work in this field. Jordan [90] describes how research in the field
of seismology provides a more precise model of the inner structure of the earth by
the documentation of seismic wave speeds caused by compositional, aeolotropic, and
thermobaric heterogeneities in the lithosphere and in the sublithospheric continental
root structures, which likely include compositional and thermobaric heterogeneities.
Liu at al. [110] discuss the importance of analysis techniques of nonlinear effects
to estimate damage from future earthquakes. Further details of the propagation of
seismic waves through anisotropic, viscous, and heterogeneous zones are discussed
by Bullen [47]. Another application of research in seismology is the localization [3]
and the classification of large explosions like detonations of nuclear weapons [128].
In various applications of medicine and engineering, nondestructive examination
techniques are of great importance. Sonography is one widespread example of such
a technique using ultrasound for imaging investigation of the internal structure of
technical devices or organic tissues. Typical applications of medical sonography
occur, for example, in gynecology to examine the health status of fetuses and in
emergency medicine, where a quick and detailed physical examination of casualties
is necessary. An example of the use of ultrasound to investigate cancellous bone is
given in [119].
The examination of components in the space industry or of structural elements of
power plants in the nuclear industry illustrates some of the uses of nondestructive
testing methods in the fields of mechanical and civil engineering. Krautkra¨mer
[101] describes the application of sonography in different engineering applications
to detect cavities, imperfect bonding of components, or other defects in internal
structures.
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1.2. Objectives and structure of the thesis
This work is devoted to the analysis of the acoustic and mechanical properties of het-
erogeneous layered and fiber-reinforced periodic structures. These structures reveal
a formation of frequency bands, where wave propagation is possible or attenuation
takes place. These bands are denoted as phononic bands (similar to photonic bands
for electromagnetic radiation in optical media [7]). The knowledge of the relation
between the wave number k and the frequency ω, the so-called dispersion relation,
gives information about wave filtering properties and the composition of the internal
structure of a composite. This is the basic principle of nondestructive acoustic dia-
gnosis.
In the framework of this thesis, linear elasticity, different nonlinear effects, and
linear viscoelasticity are taken into account. Results for the determination of the
effective material parameters and dispersion relations of composites with perfect
bonding between the components are well-known for both linear elasticity (e.g.
[11, 18, 29]) and linear viscoelasticity (e.g. [146]). In this work, original results
considering different bonding conditions for both regular and irregular fiber dis-
tributions are presented. Another original contribution is the determination of the
effective material parameters for composites taking into account geometric and phys-
ical nonlinearity, and nonlinearity due to boundary conditions, which model imper-
fect bonding between the components. This work also considers load-diffusion from
a loaded fiber into a matrix. Therefore, known results [108, 109] are expanded by
considering viscoelastic behavior of the matrix material.
The thesis sums up the research results the author carried out at the Institute
of General Mechanics of the RWTH Aachen University and is organized
as follows:
• Chapter 1: Section 1.3 introduces the here applied methods for the investig-
ation of composites and compares their advantages and disadvantages.
• Chapter 2 discusses the considered material models and the bonding beha-
viors which are applied in chapters 3 - 5. Linear, nonlinear, and viscoelastic
effects are taken into account.
• In Chapter 3 wave propagation in composites for linear elastic materials is
studied. Longitudinal waves in layered structures and anti-plane shear wave
propagation through fiber-reinforced composites orthogonal to the direction
of parallel fibers are taken into account. While results for this problems with
perfect bonding between the components are known, there is a lack of results
taking into account imperfect bonding. This work is a contribution to close
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this gap.
• The influence of different nonlinear effects and bonding conditions on the mac-
roscopic properties of layered composites are investigated in chapter 4.
• Chapter 5 is composed of two parts. The first part analyzes wave propagation
in composites with viscoelastic components and takes into account imperfect
bonding. The second part deals with the distribution of stress in the vis-
coelastic matrix material in fiber-reinforced composites after application of
load on the fiber material.
• The final chapter summarizes the results of chapters 3 - 5 and provides ideas
for further research.
1.3. Analysis of periodic structures
In this section, different methods are introduced which will be used to investigate
wave propagation through periodic structures of infinite length. These methods are
based on the idea that the properties of the heterogeneous structure are not analyzed
by considering the whole structure, but rather a small element which represents this
structure. This element is denoted as the representative volume element [84].
For one-dimensional problems, the frequency-band structure of layered composites
can be exactly derived by the so-called Floquet-Bloch approach. For two-dimensional
problems, the frequency band structure can be investigated by the asymptotic ho-
mogenization method (AHM) and the plane-wave expansion method1 (PWEM).
Beside the analysis of frequency band structures of heterogeneous materials, it
is a challenge to identify the homogenized or effective properties : a heterogeneous
problem is replaced by a homogeneous one which approximates the behavior of
the original problem. The determination of effective material parameters has been
discussed in numerous books and articles. Examples for works dealing with effective
parameters of composites with imperfect bonding includeHashin [78, 79] andNie &
Basaran [125]. Andrianov et al. [16] analyze wave propagation in composites
and discuss the application of the AHM to obtain effective material parameters
taking into account both physical and geometric nonlinearities, as well as imperfect
bonding between the components.
Basing on the analysis of Reuss [138] and Voigt [161], who studied effective
parameters of polycrystalls, in 1954 Hill [83] proposed upper and lower bounds
1Here, this term will also be used when this technique is applied to investigate longitudinal waves.
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for the effective parameters. It is also worth mentioning the important contribu-
tions of Hashin [73, 74], Hashin & Shtrikman [81], and Hashin & Rosen [80],
who provide upper and lower bounds for effective material parameters for fiber-
and particle-reinforced composites. Numerous books and articles refer to these art-
icles and take these boundaries into account as a reference for their own results.
Christensen & Lo [58] discuss effective shear properties of composites with spher-
ical and fibrous inclusions, Christensen [57] analyze effective material parameters
and upper and lower bounds for different classes of composite materials.
1.3.1. Floquet-Bloch approach
Hashin [76] states that the investigation of the mechanical properties of laminates is
a well understood subject. Some problems dealing with the investigation of acoustic
properties of layered composites with periodic structures can be analyzed by the
application of an approach based on the theorems of Floquet [66] and Bloch [41]
to achieve exact results. This method is described in Brillouin’s classic book [44]
about wave propagation and applied, for example, in [7, 145, 141]. This technique
can also be used to evaluate the results obtained by other investigation methods like
the AHM.
The Floquet-Bloch approach is applicable if the system is considered to have
an infinite length. The “transfer matrix method“ applied by Cao & Qi [49] and
Shen & Cao [145], allows to investigate the frequency band structure of regular
structures of finite size. For less than ten unit cells, the deviation is large, but for
a large number of unit cells (“...greater than 200”) “the Floquet treatment can give
reasonable description.” (p. 4630 in [49]).
1.3.2. Asymptotic homogenization method
Homogenization methods are widespread tools for the analysis of heterogeneous ma-
terials [52, 99]. An investigation technique for heterogeneous structures which arose
in the 1970s is the AHM. The idea behind this approach is summarized in Ben-
soussan et al. [37] and Panasenko [126] as follows: In many analyzed problems
with periodically repeated structures, a single period is small when compared to the
size of the investigated region where the problem is analyzed. The ratio of the size
of such a single period to the size of this region can be related by a small parameter
. The choice of such a small and dimensionless parameters is very often a signific-
ant part of the analytical investigation (see Andrianov & Topol [30]). Two kinds of
coordinate variables are introduced: the fast ones are related to the size of a single
period, while the slow ones are related to the whole problem on the macro-scale. An
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asymptotic expansion of physical quantities like the frequency or the displacement
in terms of this small parameter gives the possibility to obtain a solution on the
macro-scale by investigation of the problem on the micro-scale. These quantities
can be successively evaluated on different orders for an input boundary value prob-
lem. By the use of the integral averaging operator, effective properties of different
orders can be determined.
The question what small means can be answered by quoting Panasenko [126]
(p. 17): “Assume that an asymptotic expansion gives an error of the order O(n) and
this value does not exceed the admissible error. Then one can say that  is small.“
Today, many books and articles deal with the application of the AHM to invest-
igate heterogeneous structures like composites. Boutin & Auriault [43] applied
this method to analyze Rayleigh scattering in heterogeneous structures. Boutin
[42] investigated heat transfer by considering the microstructure of the material.
Chen & Fish [54] and Fish & Chen [65] investigated wave propagation in one-
dimensional problems. They showed, that higher-order terms have to be taken into
account to determine dispersion relations. Andrianov et al. [7] applied higher
order homogenization to analyze wave propagation through fiber-reinforced compos-
ites perpendicular to the orientation of parallel fibers.
Manevitch et al. [114] discussed the use of asymptotic and numerical proced-
ures for the investigation of periodic structures and drew the following conclusions:
”...great developments in numerical methods do not exclude the need for analytical
solutions. Moreover, the optimal numerical approaches have to take into account
information about the analytical essence of the problem. In this connection we also
ought to point out that analytical methods always impose a proper style on the re-
searcher’s thought process. The fast development of numerical mathematics directly
depends on fundamental analytical investigations. Therefore, only harmonious com-
mon development of analytical and numerical approaches can provide progress in the
theory of materials and structures.“
The higher order AHM will be used in this work to approximate the dispersion
relation and the material parameters on the macro scale taking into consideration
waves with wavelengths much larger than the microscopic size of the heterogeneities.
1.3.3. Plane-wave expansion method
If the wavelength of the propagating wave becomes small, the PWEM provides a
technique to investigate the frequency band structure of the composite. This method
is based on the idea that parameters of heterogeneous structures are expanded into
Fourier series. The convergence of the solution usually depends on the properties
of the components [5]. A higher number of terms leads to more accurate results
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and solutions for higher frequencies. In addition to its application to investigate
the phononic band structure, for example in Sigalas & Economou [148, 149,
150, 151] and Kushwaha et al. [102, 103], the PWEM has also found use in
the analysis of periodic structures of photonic crystals, see Plihal & Maradudin
[134], Villeneuve & Piche [160].
Further techniques based on infinite series expansion, which lie outside the frame-
work of this thesis, are the Rayleigh multipole expansion method [120, 124] and the
Korringa-Kohn-Rostoker method [91, 111, 137].
1.3.4. Comparison of the asymptotic homogenization method
with the plane-wave expansion method
The AHM and the PWEM approximate the exact result, and the respective advant-
ages and disadvantages of these techniques shall be briefly discussed in this section.
Andrianov et al. [5] specify the following characteristics of these methods:
The AHM is a useful tool to investigate the propagation of long waves. For wave
propagation in structures with a large difference of the material parameters, this
technique has shown to lead to good results. The PWEM provides satisfying results
when the differences between material parameters are relatively small.
Finally, due to different advantages both methods can be treated as complement-
ary for the analysis of frequency bands in heterogeneous and periodic structures.
2. Mechanical models of composite
materials under consideration
Problems in the field of science and engineering are often very complex so that
the investigation might be difficult or even impossible. To be able to analyze a
given problem, the governing situation can be simplified in such a way that (a) the
simplified situation can be considered with known mathematical procedures, and
(b) the idealized model sufficiently approximates the real governing situation.
This chapter focuses on the constitutive relations of wave propagation in solids.
Starting with the most simple case, the first section deals with linear elasticity.
Different models for bonding between components are considered. The next part of
this chapter takes into account different nonlinear effects. The third and last part
discusses viscoelastic effects, not only for the problems in wave propagation, but
also in creep and relaxation.
2.1. Constitutive equations of the theory of linear
elasticity
In linear elastic materials obeying Hooke’s law, stresses and strains are proportional.
In many problems, the properties of materials can be considered as linear elastic to
give a solution of sufficient accuracy.
To derive the wave equations for an elastic material, a cuboid volume element with
the side lengths δx1, δx2, and δx3, and the density ρ is considered. The location
of stresses σ11, σ12, σ13, σ22, σ23, σ33 on the surfaces of this volume element, which
vary between two parallel surfaces, are shown in Fig. 2.1. Body forces, for example
caused by gravitation, and temperature effects are neglected. Together with the
displacement ui in xi-direction, the mass ρ δx1 δx2 δx3 of this volume element, and
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x2
σ33
σ22
σ13
σ11
σ12
x1
δx3
σ23δx2
x3
δx1
σ11 +
∂σ11
∂x1
δx1
σ13 +
∂σ13
∂x3
δx3
σ33 +
∂σ33
∂x3
δx3
x1
σ12 +
∂σ12
∂x2
δx2
σ22 +
∂σ22
∂x2
δx2
σ12 +
∂σ12
∂x1
δx1
σ13 +
∂σ13
∂x1
δx1
σ13 +
∂σ13
∂x3
δx3
σ12 +
∂σ12
∂x2
δx2
x3
x2
Figure 2.1.: Cuboid volume element with the side lengths δx1, δx2 and δx3 and
the stresses on its surfaces.
Newton’s second law of motion, the resultant force in x1-direction becomes:(
σ11 +
∂σ11
∂x1
δx1
)
δx2 δx3 − σ11 δx2 δx3 +
(
σ12 +
∂σ12
∂x2
δx2
)
δx1 δx3 − σ12 δx1 δx3
+
(
σ13 +
∂σ13
∂x3
δx3
)
δx1 δx2 − σ13 δx1 δx2 = ρ δx1 δx2 δx3∂
2u1
∂t2
.
(2.1)
The resultant forces in x2- and x3-direction are analogously determined. Outlining
the equations of these resultant forces gives a wave equation in form of the following
partial differential equation1:
∂σij
∂xj
= ρ
∂2ui
∂t2
, (2.2)
with the displacement ui = u(~x, t) and the Cauchy stress tensor σij . The stress
tensor reads
σij =
∂W
∂εij
, (2.3)
where W is the strain energy density function, and
εij =
1
2
(
∂uj
∂xi
+
∂ui
∂xj
)
(2.4)
is the Cauchy strain tensor.
1In the framework of this thesis the Einstein notation will be used: if in a single term an index
appears twice, the term will be summed from 1 to 3:
aibi = a1b1 + a2b2 + a3b3.
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2.1.1. Elastic constants
In the case of linear elasticity, stress and strain are related by the generalized Hooke’s
law in the following way
σij = Cijklεkl, (2.5)
where Cijkl are the elastic constants of the material. Equation (2.5) can also be de-
rived by Eq. (2.3) with the following expression of the strain energy density function
for a linear elastic material:
W =
1
2
Cijklεijεkl. (2.6)
Because of the symmetry of the stress tensor and the strain tensor, σij = σji and
εkl = εlk, and their relation (2.5), the tensor Cijkl has the symmetries
Cijkl = Cjikl = Cijlk, (2.7)
and the number of elastic constants decreases from 81 to 36. Together with the
symmetry condition
Cijkl = Cklij, (2.8)
the number of coefficients can be reduced to 21 coefficients.
If the properties of a material do not change with location,
∂Cijkl
∂xm
= 0 for all i, j, k, l,m, (2.9)
the material is called homogeneous [112]. When the components of Cijkl do not
change their values with rotation of the axes of the coordinate system, the material
is called isotropic [87], and it can be described by only two independent elastic
constants. In this case the tensor of the elastic constants takes the form
Cijkl =


C1122 − 2C2323 C1122 C1122 0 0 0
C1122 − 2C2323 C1122 0 0 0
C1122 − 2C2323 0 0 0
C2323 0 0
sym. C2323 0
C2323


(2.10)
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with C1122 = λ, C2323 = µ. Here, λ is the first and µ is the second Lame´ parameter
2.
In the index notation, the elastic constants are
Cijkl = λδijδkl + 2µδikδjl, (2.11)
where δkl is the Kronecker delta
δkl =

 1 if k = l,0 if k 6= l. (2.12)
After substitution of Eq. (2.11) into Eq. (2.5), the stress-strain relation for an iso-
topic material becomes
σij = λδijεkk + 2µεij. (2.13)
In some cases, it might be convenient to rewrite Eq. (2.13) in dependence of other
material parameters3, for example in dependence of the Young’s modulus E and the
Poisson’s ratio ν.
2.1.2. Decomposition of the stress and the strain tensor
The stress tensor can be split into a hydrostatic part σh and into a deviatoric part
σd. If the stress vector in a point is normal to an arbitrary oriented plane, all axes
are principal axes, and the stress is denoted as hydrostatic stress σhij (p. 54 [112]):
σhij = σ
hδij , (2.14)
where σh = σii/3. The difference between the stress tensor σij and the hydrostatic
stress tensor σhij is denoted as the stress deviator tensor σ
d
ij :
σdij = σij − σhδij , (2.15)
with σdii = 0. Similar to the decomposition of the stress tensor the strain tensor, εij
can be also split into a hydrostatic part εhij and into a deviatoric part ε
h
ij,
εhij=ε
hδij , (2.16a)
εdij=εij − εhδij , (2.16b)
2Because of µ = G, where G is the shear modulus, this work also denotes µ as the shear modulus.
3The relations between material parameters can be found in e.g. [107].
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where εh = εii/3 and ε
d
ii = 0. The hydrostatic parts are related by
σh = 3Kεh, (2.17)
where K is the bulk modulus, and the deviatoric parts by
σdij = 2µε
d
ij, i 6= j. (2.18)
2.1.3. Wave equation
A general set of wave equations for isotropic solids can be derived after substitution
of the elastic stress tensor from Eq. (2.13) into Eq. (2.2):
(λ+ µ)
∂ (∇j · uj)
∂xi
+ µ∇2ui = ρ∂
2ui
∂t2
, (2.19)
where ∇j = ∂/∂xj and ∇2 = ∇j∇j .
In the following sections, some special cases of Eq. (2.19) are discussed, which are
considered in later chapters of this work.
2.1.3.1. Propagation of anti-plane shear waves
Propagation of anti-plane shear waves in the (x1, x2)-plane is considered. Together
with the following conditions for the displacements,
u1 = u2 = 0, u3 = u3 (x1, x2, t) , (2.20)
wave Eq. (2.19) is reduced to
µ
(
∂2u3
∂x21
+
∂2u3
∂x22
)
= ρ
∂2u3
∂t2
. (2.21)
This equation shows that anti-plane shear wave propagation does not depend on the
first Lame´ parameter.
2.1.3.2. Longitudinal vibration of a rod
In this section, longitudinal wave propagation in x1-direction through a rod with
the constant cross section area A, the Young’s modulus E, and the density ρ is
considered. A small element of the rod with the length δx1 and the mass ρAδx1 is
analyzed (see Fig. 2.2). Together with Newton’s second law of motion the resultant
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σ11
δx1
σ11 +
∂σ11
∂x1
δx1
cross section A x1
Figure 2.2.: Stress state on a small element with the length δx1.
force in x1-direction becomes(
σ11 +
∂σ11
∂x1
δx1
)
A− σ11A = ρA δx1∂
2u1
∂t2
. (2.22)
The longitudinal stress reads σ11 = E
∂u1
∂x1
, and the previous equation becomes
E
∂2u1
∂x21
= ρ
∂2u1
∂t2
. (2.23)
2.1.3.3. Heterogeneous material
A heterogeneous structure is considered which is build up of different isotropic and
elastic components, so that its properties are piecewise defined as ρ = ρ(~x), λ = λ(~x),
µ = µ(~x), and consequently, the tensor of the elastic constants becomes Cijkl =
Cijkl(~x). Together with the stress-strain relation in Eq. (2.5), wave Eq. (2.2) reads:
∂
∂xj
[Cijkl(~x) εkl(~x)] = ρ(~x)
∂2ui
∂t2
. (2.24)
The wave equation for longitudinal vibration of a heterogeneous rod (see Sec. 2.1.3.2)
becomes:
∂
∂x1
[
E(x1)
∂u1(~x)
∂x1
]
= ρ
∂2u1(~x)
∂t2
. (2.25)
If anti-plane shear wave propagation in the (x1, x2)-plane is again considered and
conditions (2.20) are taken into account, Eq. (2.24) becomes:
∂
∂x1
[
µ(~x)
∂u3(~x)
∂x1
]
+
∂
∂x2
[
µ(~x)
∂u3(~x)
∂x2
]
= ρ(~x)
∂2u3(~x)
∂t2
. (2.26)
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2.1.4. Different characteristics in bonding between components
Besides the choice of the material of the matrix, its reinforcements, and their dis-
tribution, the bonding behavior of the components has a wide influence on the
properties of the composite structure. According to Hashin [79], bonding between
components is characterized as follows:
• If both the displacement vector and the stress vector are continuous at the
interface, the bonding is called perfect.
• If both conditions are not fulfilled, bonding between the components is im-
perfect. An example is a crack between the components. Tension causes a
difference in displacements between these components.
The interaction between two components at their common interface plays an import-
ant role in the determination of effective properties of composites. These interactions
are caused by different effects. InKaw [93] andKim & Mai [97], the following types
of bonding are classified and described:
• High friction between components improves the bonding quality. This friction
is caused by natural roughness, processing of the fiber surface, or different
shrinking rates of the components when the operating temperatures are lower
than the temperatures during the fabrication process [93].
• When natural bonding between components is not formed or insufficient, the
quality of bonding can be improved by so-called coupling agents [93].
• Impregnation of the inclusion material during processing increases the bond-
ing quality between components. Bonding of the components results from
localized intermolecular dispersion forces [97].
• Electrostatic attraction appears due to a mismatch of the electrostatic charge
of the components. The bonding quality results from the charge density [97].
• An interphase between components can be formed by diffusion of particles
between the components of the structure. This kind of bonding is denoted as
reaction bonding [93].
• Cracks and weak interfaces might increase the probability of failure of the
structure. In this case, protection of the inclusion by the matrix material from
environmental conditions is not guaranteed anymore. It is important to point
out that for some applications a weak interface might reveal beneficial qualities.
In ceramic matrix composites weak interfaces blunt and deflect cracks in the
matrix and improve the toughness in comparison to monolithic ceramics [93].
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The following sections discuss different models for bonding.
2.1.4.1. Perfect bonding
For the situation presented in Fig. 2.3, the following boundary conditions can be
written for propagation of a plane wave in x1-direction:
{
u
(1)
1 = u
(2)
1
}∣∣∣
x1=0
,
{
E(1)
∂u
(1)
1
∂x1
= E(2)
∂u
(2)
1
∂x1
}∣∣∣∣∣
x1=0
, (2.27)
where E(m) is the Young’s modulus and u
(m)
1 is the displacement of component Ω
(m)
in x1-direction, m = 1, 2. Analogously, the boundary conditions for a polarized
shear wave propagating in x1-direction with displacement in x3-direction become:
{
u
(1)
3 = u
(2)
3
}∣∣∣
x1=0
,
{
µ(1)
∂u
(1)
3
∂x1
= µ(2)
∂u
(2)
3
∂x1
}∣∣∣∣∣
x1=0
, (2.28)
where µ(m) is the second Lame´ constants of component Ω(m).
2.1.4.2. Thin interphase simulating bonding condition
x1
Component Ω(2)
Component Ω(1)
Figure 2.3.: Perfect bonding between
the components Ω(1) and Ω(2).
h
x1
Component Ω(2)
Component Ω(if)
Component Ω(1)
Figure 2.4.: Thin interphase Ω(if)
simulating bonding between the com-
ponents Ω(1) and Ω(2).
The first here considered model taking into account imperfect bonding is the
simulation of bonding between components Ω(1) and Ω(2) by an interphase Ω(if) (see
Fig. 2.4). The thickness h of this interphase is considered to be much smaller than
the other dimensions of the problem. The choice of the material properties and the
thickness of Ω(if) characterize the bonding behavior. Some problems of numerical
treatment of such a small interphase, either it is really given, for example by a
coupling agent, or it simulates bonding, are discussed by Geymonat et al. [69].
The behavior of an imperfect interface which is equivalent to the behavior of a thin
interphase is discussed by Hashin [79].
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2.1.4.3. Boundary condition at an interface describing bonding
In this section, imperfect bonding is directly described by boundary conditions at
the common interface of the components Ω(1) and Ω(2). This model, denoted as the
spring-layer model, is comparable the idea of springs connecting both components
and was introduced in 1944 by Goland & Reissner [70]. Geymonat et al. [69]
state, that this model “has been studied in depth in the technical and mathematical
literature”. For examples of the application of this model, one can refer to Ben-
veniste [38], Hashin [77], Lenci [109], Andrianov et al. [14], and Golub &
Bonstrom [71].
The longitudinal stress in the interphase Ω(if) in x1-direction is given by
σ
(if)
11 = E
(if)∂u
(if)
1
∂x1
, (2.29)
with the Young’s modulus E(if) and the displacement u
(if)
1 of the interphase. For
low-frequency oscillations and a thin interphace (h → 0), condition (2.23) can be
simplified to [16] ∣∣∣∣∣E(if)∂
2u
(if)
1
∂x21
∣∣∣∣∣
∣∣∣∣∣ρ(if) ∂
2u
(if)
1
∂t2
∣∣∣∣∣ , (2.30)
so that the behavior of the interphase is reduced to
∂2u
(if)
1
∂x21
= 0, (2.31)
and the displacement of the interphase becomes:
u
(if)
1 = a
(if) + b(if)x1. (2.32)
Here, a(if) and b(if) are integration constants. For x1 = 0, the interface between
component Ω(1) and Ω(if), and for x1 = h, the interface between component Ω
(if)
and Ω(2), bonding is perfect:{
u
(if)
1 = u
(1)
1
}∣∣∣
x1=0
,
{
σ
(if)
11 = σ
(1)
11
}∣∣∣
x1=0
, (2.33a){
u
(if)
1 = u
(2)
1
}∣∣∣
x1=h
,
{
σ
(if)
11 = σ
(2)
11
}∣∣∣
x1=h
. (2.33b)
The constants in Eq. (2.32) can be determined as
a(if) = u
(1)
1 , b
(if) =
∆u1
h
, (2.34)
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where ∆ui = u
(2)
i
∣∣∣
x1=h
− u(1)i
∣∣∣
x1=0
. Together with Eq. (2.5), the difference in dis-
placements of components Ω(1) and Ω(2) reads
∆u1 = γ
(1,2)σ
(if)
11 , (2.35)
where
γ(1,2) =
h
E(if)
≥ 0 (2.36)
shall be denoted as the bonding factor or the bonding constant. Assuming that
γ(1,2) = lim
h→0
E(if)→0
h
E(if)
= const., (2.37)
the thickness of the interphase tends to zero, as well as its Young’s modulus. Con-
sidering Eqs. (2.33), (2.35), and (2.37), the bonding condition of components Ω(1)
and Ω(2) at their common interface reads
∆u1 = γ
(1,2)E(1)
∂u
(1)
1
∂x1
. (2.38)
Analogously, the condition for imperfect bonding for shear wave propagation in
x1-direction with displacement in x3-direction becomes
∆u3 = γ
(1,2)µ(1)
∂u
(1)
3
∂x1
. (2.39)
In this case, the bonding constant reads
γ(1,2) = lim
h→0
µ(if)→0
h
µ(if)
= const.. (2.40)
2.1.4.4. Different bonding conditions for pressure and tension
In the previous section, it is assumed that the bonding constant γ(1,2) relates the
differences of the displacements and stress for both pressure and tension. This idea
is extended so that the ratio between the displacements and stress is different for
pressure and tension stress. An example of such an application is the simulation of
a crack with different behavior for opening and closure.
For propagation of a longitudinal wave (and analogously of a shear wave), such a
bonding condition can be obtained by replacing the bonding factor γ(1,2) by
γ(1,2) → γ(1,2)1 + γ(1,2)2 sgn
(
∂u
(1)
1
∂x1
)
(2.41)
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where γ
(1,2)
1 ≥ γ(1,2)2 ≥ 0.
The signum function sgn(. . . ) is defined as (p. 50 in [45])
sgn(x) =


−1 for x < 0,
0 for x = 0,
1 for x > 0.
(2.42)
The values for γ
(1,2)
1 and γ
(1,2)
2 characterize the behavior of bonding:
• For γ(1,2)2 = 0 and γ
(1,2)
1 = γ
(1,2), Eq. (2.43) becomes equal to Eq. (2.35).
• If γ(1,2)1 = γ
(1,2)
2 , then bonding for pressure is perfect, while for tension debond-
ing occurs.
Applying (2.41) on Eq. (2.38) gives the following relation between the displacements
and stress
±
(
u
(2)
1 − u(1)1
)
=
[
γ
(1,2)
1 + γ
(1,2)
2 sgn
(
∂u
(1)
1
∂x1
)]
E(1)
∂u
(1)
1
∂x1
. (2.43)
2.2. Constitutive equations of the theory of nonlinear
elasticity
Following Andrianov et al. [13], this work distinguishes between the following
types of nonlinear behavior:
• The term geometric nonlinearity is used when the relation between strain and
displacement is nonlinear.
• Physical nonlinearity: The energy of the deformation is represented as a series
expansion of powers of the invariants of the strain tensor, higher-order terms
are taken into account [13, 123].
• Herein, structural nonlinearity or “nonlinearity due to boundary conditions”
[163] is taken into account by imperfect nonlinear bonding between the com-
ponents. While in the linear case the differences in displacements of the com-
ponents at their common boundaries are proportional to the governing stress,
in the nonlinear case these differences are related to series expansions of the
stresses.
For a linear elastic material, the strain energy density is a function depending on
the squared terms of the strain components [98]. In nonlinear problems, cubic (and
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higher) order terms are taken into account, and so-called elastic constants of the
third (and higher) order relate the strain energy density function with the product
of three (and more) strain components [98]. The importance of the investigation of
nonlinear effects is emphasized by Zaitsev et al. [164], who mention that even
for intense acoustic loads, the strain is usually smaller than 10−5, and the influence
of the nonlinear parts on the strain energy is therefore small in comparison to the
linear parts. Nevertheless, these nonlinear terms are responsible for numerous effects
like the influence of the amplitude of a propagating wave on its attenuation and
speed [13, 136]. The “high structural sensitivity of the acoustic nonlinearity” [164]
is founded in these effects.
2.2.1. Physical and geometrical nonlinearity
To derive the wave equation for the nonlinear case, again the volume element in Fig.
2.1 and the first Piola-Kirchhoff stresses pij are considered. The resultant forces in
x1-, x2-, and x3-direction are examined so that the following relation is obtained
∂pij
∂xj
= ρ
∂2ui
∂t2
. (2.44)
In this work, the Murnaghan model [122, 123] is used to describe physical non-
linearity. In the analysis of elastic waves, especially in the studies of plane waves,
this model gained high popularity (p. 813 in [140]). The advantages and dis-
advantages of the Murnaghan model are discussed by Erofeev [63] and Lur’e
[113]. Concerning the Murnaghan material, Samsonov (p. 18 in [142]) states:
“The Murnaghan approximation [...] seems to be the most useful for compressible
nonlinearly elastic materials under small deformations [...].” Modifications of the
Murnaghan potential to describe hyperelastic materials are discussed by Cattani
& Rushchitskii [51]. For further popular modifications of the Murnaghan poten-
tial, Guz’s modification for polycrystalline material, Mindlin-Eringen modification
for a microscopic continuum, modification for a Cosserat pseudocontinuum, modi-
fication for a Le Roux gradient continuum, and modification for a two-continuum
mixture can be named [140]. Rushchitsky [140] compares the Signorini model
with the Murnaghan model. On the one hand, the author states: “Signorini lost
the competition because the sympathies of researchers have been with the Murnaghan
potential” (p. 842 in [140]). On the other hand, the author emphasizes that dur-
ing the last years a new interest came up in the use of the Signorini model for the
analysis of nonlinear waves. A comprehensive survey of the Murnaghan model and
the Signorini model can be found in Cattani & Rushchitsky [50] and in the
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references cited therein. Material parameters for the Murnaghan model are identi-
fied by experiments for different kinds of materials such as metals, polymers, and
rocks [61, 63, 85, 142, 162]. Ambroziak [4] gives an example of the identification
of nonlinear elastic parameters.
The strain energy density function of the Murnaghan model reads [50]
W =
1
2
λε2ii + µε
2
ij +
1
3
Aεijεikεjk +Bεiiε
2
ij +
1
3
Cε3ii +O
(
ε4ij
)
, (2.45)
where
εjk =
1
2
(
∂ui
∂xj
∂ui
∂xk
+
∂uk
∂xj
+
∂uj
∂xk
)
(2.46)
is the Green-Lagrangian strain tensor, and A, B, C are the Landau constants [105]
(third order elastic constants). Among Eq. (2.45), in the literature there are ex-
amples of the use of the Murnaghan model in dependence of the Murnaghan con-
stants l, m, n, for example in [136]. The relation between the Landau constants,
the Murnaghan constants, and the Lame´ constants of the third order ν1, ν2, ν3 [156]
are presented Samsonov [142] as follows:
A = n, B = m− n
2
, C = l −m+ n
2
,
l = ν2 +
ν1
2
, m = ν2 + 2ν3, n = 4ν3.
(2.47)
Because of the widespread use of third order elastic constants by Brugger [46],
these constants shall also be mentioned here.
To obtain the nonlinear wave equation, Eq. (2.45) is substituted into
pij =
∂W
∂
(
∂ui
∂xj
) , (2.48)
and the stress tensor becomes [50]:
pik = µ
(
∂ui
∂xk
+
∂uk
∂xi
)
+ λ
∂uk
∂xk
δik +
(
µ+
A
4
)(
∂ul
∂xi
∂ul
∂xk
+
∂ui
∂xl
∂uk
∂xl
+ 2
∂ul
∂xk
∂ui
∂xl
)
+
B − λ
2
[(
∂ul
∂xi
)2
δik + 2
∂ui
∂xk
∂ul
∂xl
]
+
A
4
∂uk
∂xl
∂ul
∂xi
+ B
(
∂ul
∂xm
∂um
∂xl
δik + 2
∂uk
∂xi
∂ul
∂xl
)
+ C
(
∂ul
∂xl
)2
δik.
(2.49)
Now the case is analyzed that propagation of the wave takes place in x1 direction
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so that
ui = ui (x1, t) , i = 1, 2, 3. (2.50)
Substituting Eq. (2.49) into wave Eq. (2.2) and taking into account ui = ui (x1, t)
gives the following set of wave equations [50, 115]:
α
∂2u1
∂x21
+ β
∂u1
∂x1
∂2u1
∂x21
+ γ
(
∂u2
∂x1
∂2u2
∂x21
+
∂u3
∂x1
∂2u3
∂x21
)
= ρ
∂2u1
∂t2
, (2.51a)
µ
∂2u2
∂x21
+ γ
(
∂u1
∂x1
∂2u2
∂x21
+
∂u2
∂x1
∂2u1
∂x21
)
= ρ
∂2u2
∂t2
, (2.51b)
µ
∂2u3
∂x21
+ γ
(
∂u1
∂x1
∂2u3
∂x21
+
∂u3
∂x1
∂2u1
∂x21
)
= ρ
∂2u3
∂t2
, (2.51c)
where
α = λ+ 2µ, β = 3α + 2 (A+ 3B + C) , γ = α +
A
2
+B. (2.52)
If now just longitudinal vibrations are taken into account so that u2 = u3 = 0, the
system of Eqs. (2.51) can be reduced to
α
∂2u1
∂x21
+ β
∂u1
∂x1
∂2u1
∂x21
= ρ
∂2u1
∂t2
, (2.53)
and stress tensor (2.49) becomes
p11 = α
∂u1
∂x1
+
β
2
(
∂u1
∂x1
)2
. (2.54)
2.2.2. Structural nonlinearity
Structural nonlinearity is taken into account by nonlinear bonding conditions between
two components. Therefore, the model introduced in Fig. 2.4 is considered again,
but now the behavior of the interphase Ω(if) is described by the Murnaghan poten-
tial (2.45). For propagation of a longitudinal wave in x1-direction, the stress in the
interphase becomes
p
(if)
11 = α
(if)∂u
(if)
1
∂x1
+
β(if)
2
(
∂u
(if)
1
∂x1
)2
, (2.55)
with the material parameters α(if), β(if).
For low-frequency oscillations and a thin interphase (h → 0), the following sim-
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plifications can be applied [16]:
∣∣∣∣∣α(if)∂
2u
(if)
1
∂x2
∣∣∣∣∣
∣∣∣∣∣ρ(if) ∂
2u
(if)
1
∂t2
∣∣∣∣∣ ,
∣∣∣∣∣α(if)∂
2u
(if)
1
∂x2
∣∣∣∣∣
∣∣∣∣∣∣β
(if)
2
(
∂u
(if)
1
∂x1
)2∣∣∣∣∣∣ , (2.56)
so that the equation of the displacements for the interphase becomes
u
(if)
1 = a
(if) + b(if)x1, (2.57)
where a(if) and b(if) are integration constants. Assuming perfect bonding between
the interphase and the neighboring components,{
u
(if)
1 = u
(1)
1
}∣∣∣
x1=0
,
{
p
(if)
11 = p
(1)
11
}∣∣∣
x1=0
,
{
u
(if)
1 = u
(2)
1
}∣∣∣
x1=h
,
{
p
(if)
11 = p
(2)
11
}∣∣∣
x1=h
,
(2.58)
one obtains
a(if) = u
(1)
1 , b
(if) =
∆u1
h
. (2.59)
Substitution of Eq. (2.57) into Eq. (2.55) leads to:
∆u1 = −α
(if)h
β(if)
+
α(if)h
β(if)
√
1 +
2β(if)p
(if)
11 (0)
[α(if)]
2 . (2.60)
Together with the application of the power series expansion (p. 1041 [45])
√
1 + x = 1 +
x
2
− x
2
8
+ . . . , for x ≤ 1, (2.61)
Eq. (2.60) becomes
∆u1 = γ
(1,2)
n1 p
(if)
11 (0) + γ
(1,2)
n2
[
p
(if)
11 (0)
]2
+ . . . , (2.62)
with
γ
(1,2)
n1 =
h
α(if)
, (2.63a)
γ
(1,2)
n2 = −
h2β(if)
2 [α(if)]
3 , (2.63b)
...
Here γ
(1,2)
n1 , γ
(1,2)
n2 , . . . are the bonding factors or bonding constants in the nonlinear
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case. The author of this work contributed to this result in Andrianov et al. [16].
Herein, higher order terms γ
(1,2)
ni
[
p
(if)
11 (0)
]i
with i > 2 are neglected. If the para-
meters α(if) and β(if) are chosen such that
lim
h→0
γ
(1,2)
ni = const., i = 1, 2, (2.64)
Eq. (2.62) describes nonlinear bonding between Ω(1) and Ω(2) at their common in-
terface.
2.3. Constitutive equations in viscoelasticity
In linear elastic media, stress is proportional to strain, in linear viscous media, stress
is proportional to the strain rate. These two models provide satisfactory idealizations
of the behavior of solids and liquids for many cases. The behavior of real solids and
liquids deviate from these idealized behaviors under suitable conditions [64]: Stress
may depend on strain, but also on the strain rate or higher derivatives of the strain,
and exhibit both elastic and viscous characteristics. This type of relation between
stress and strain is denoted as viscoelasticity. When the ratio of stress and strain
depends on time, but not on the stress magnitude, the materials’ behavior is linear
viscoelastic (p. 2 [64]).
Due to the importance of polymers, increasing attention is payed to the investiga-
tion of viscoelastic effects. In contrast to metals, polymers are good electric isolators
and thermal insulators, have a lower density (0.8 − 2.2 g/cm3, for polymer foams
0.2 g/cm3 and even lower [144]), and they are easier and also cheaper to process.
Although the stiffness of polymers is much smaller than that of metals, it is suffi-
cient for many applications. Many polymers also posses good chemical resistance.
Schmidt & Marlies [143] describe high polymers as large molecules, which are
built up by the repetition of smaller units. The structure of these repetitions can
be divided into (a) linear, (b) branched, and (c) cross linked polymers. A polymer’s
structure and size are responsible for its mechanical properties.
Polymers can be subdivided into the following different classes (description of the
classes are taken from [143, 144]):
• Thermoplastics (such as polyethylene (PE), polyvinyl chloride (PVC), and
polymethyl methacrylate (PMMA)) are usually linear or branched and mildly
cross-linked. Thermoplastics can be softened and brought into a new form.
• Duromers/thermosetting polymers (such as phenol formaldehyde res-
ins (PF), crosslinked polyurethane (PUR), and polyepoxide) become strongly
cross-linked during the shaping process. These polymers are unfusible.
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• Elastomers (such as natural rubber) exhibit rubber elasticity at room tem-
perature and can undergo large elastic deformations. At temperatures above
glass transition temperature, thermoplastics have rubber elastic behavior.
• Liquid Polymers (such as synthetic oils) are mentioned here for the sake of
completeness.
In vibration problems, stress and strain are related by a quantity depending on
the frequency ω of the vibration, the so-called dynamic modulus or complex modulus.
This modulus can be identified by Dynamic Mechanical Analysis (DMA) [118]. In
the literature, the viscoelastic behavior is described by hereditary integrals and by
models consisting of a combination of springs and dashpots, and their corresponding
differential equations [67]. Temperature has an influence on the motion of the poly-
mer chains and diffusion, and therefore on the materials’ viscoelastic behavior [104].
These effects are neglected in the framework of this thesis; for studies of dependence
of viscoelastic effects on temperature, see Ferry [64].
2.3.1. Models for viscoelastic behavior
In many papers and books, the elastic behavior is symbolized by a spring (see Fig.
2.5), its length increases proportionally to the applied force:
σ = Eε (2.65)
where E is the Young’s modulus. The behavior of a viscous element is symbolized
by a dashpot, and the relation between stress and strain reads (see Fig. 2.6)
σ = η
dε
dt
(2.66)
where η is the viscosity coefficient of the material.
E
σσ
Figure 2.5.: Elastic element represen-
ted by a spring.
σσ
η
Figure 2.6.: Viscous element repres-
ented by a dashpot.
The behavior of the viscoelastic material can be modeled by a combination of
elastic and viscous elements. The general differential equation of such a model
relating stress and strain can be written in the form
m∑
k=0
ak
dkσ
dtk
=
n∑
l=0
bl
dlε
dtl
, (2.67)
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where ak and bl are constants reflecting the properties of these elements. The nor-
malization a0 = 1 is applied. Section 2.1.2 presents the decomposition of the stress
tensor σij and the strain tensor εij into hydrostatic and deviatoric parts. Analogous
to Eq. (2.67), the time-dependent hydrostatic and deviatoric parts are related by
m∑
k=0
ahk
dkσh
dtk
=
n∑
l=0
bhl
dlεh
dtl
, ah0 = 1, (2.68a)
m∑
k=0
adk
dkσdij
dtk
=
n∑
l=0
bdl
dlεdij
dtl
, ad0 = 1, i 6= j, (2.68b)
where ahk , a
d
k, b
h
l , and b
d
l are constants.
2.3.2. Correspondence principle
The Laplace transform is an integral transform, which transfers a function f(t)
from a time domain t into a function f¯(s¯) in the Laplace-domain s¯ to simplify its
treatment. With introducing the operator L¯ (·), the Laplace transform is defined as
f¯(s¯) = L¯ (f(t)) =
∞∫
0
exp(−s¯t)f(t) dt. (2.69)
For the lower limit of the integral, zero is used, because the kernel of this integral
transform is zero for t < 0. Together with integration by parts and Eq. (2.69), the
Laplace transforms of the derivatives of f(t) with respect to time become
L
(
dif(t)
dti
)
=
∞∫
0
exp(−s¯t)d
if(t)
dti
dt = s¯ifˆ(s¯)−
{
i−1∑
j=0
djf(t)
dtj
s¯i−j−1
}∣∣∣∣∣
t=0
. (2.70)
The inverse Laplace transformation is
f(t) = L¯ −1(f¯(s¯)) =
1
2pij
lim
T→∞
γ+jT∫
γ−jT
exp(s¯t)f¯(s¯) ds¯, (2.71)
where the line Re(s¯) = γ parallel to the imaginary axis is the path of integration
[45]. In some cases, the inversion of the Laplace transform might be a challenging
task which can be avoided or verified by numerical methods (see Abate & Whitt
[1]). Many reference books like [2, 45] provide tables with Laplace transforms of
standard functions.
A special case which should be pointed out is the case of a discontinuity at t = 0.
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For example, a discontinuity can be described by a function f(t) = Θ(t)g(t), where
g(t) is a continuous function and Θ(t) is the unit step function, which is defined as
(see [67, 86])
Θ(t) =
{
0 for t < 0,
1 for t > 0.
(2.72)
At the time t = 0, a distinction is made between the following values (p.9 in [67]):
t =
{
0− : last point of negative time,
0+ : first point of positive time.
(2.73)
Here and in the following sections, t = 0− is chosen for the lower integration limit
when a unit step function is taken in to account, so that the transformation in Eq.
(2.70) becomes
L
(
dif(t)
dti
)
=
∞∫
0−
exp(−s¯t)d
if(t)
dti
dt = s¯ifˆ(s¯). (2.74)
The Laplace transforms of Eqs. (2.68) become
m∑
k=0
ahk s¯
kσ¯h =
n∑
l=0
bhl s¯
lε¯h, (2.75a)
m∑
k=0
adks¯
kσ¯dij =
n∑
l=0
bdl s¯
lε¯dij, (2.75b)
or, after rearrangement,
σ¯h
ε¯h
=
n∑
l=0
bhl s¯
l
/
m∑
k=0
ahk s¯
k , (2.76a)
σ¯dij
ε¯dij
=
n∑
l=0
bdl s¯
l
/
m∑
k=0
adks¯
k . (2.76b)
According to Flu¨gge [67], the correspondence principle states that by replacing
elastic constants and the load by their viscoelastic counterparts in the s¯-domain an
elastic problem can be transformed into a viscoelastic problem. The bulk modulusK
relating the hydrostatic parts of the stress and strain tensor and the Lame´ parameter
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µ, which gives a relation between the deviatoric parts, become [67]:
3K =
σh
εh
→ σ¯
h
ε¯h
=
n∑
l=0
bhl s¯
l
/
m∑
k=0
ahk s¯
k , (2.77a)
2µ =
σd
εd
→ σ¯
d
ε¯d
=
n∑
l=0
bdl s¯
l
/
m∑
k=0
adks¯
k . (2.77b)
Now the abbreviations
A
h =
m∑
k=0
ahk s¯
k, A d =
m∑
k=0
adks¯
k, Bh =
n∑
l=0
bhl s¯
l, Bd =
n∑
l=0
bdl s¯
l (2.78)
are introduced. Many problems are presented by using other material constants
than the bulk modulus and the second Lame´ parameter. Conversion of the elastic
parameters from K and µ to the Young’s modulus E and the Poisson’s ratio ν
together with Eq. (2.77) leads to the following transformation into the s-domain
[67]:
E → E¯ = 3B
dBh
2A dBh + A hBd
, (2.79a)
ν → ν¯ = A
dBh −A hBd
2A dBh + A hBd
. (2.79b)
2.3.2.1. Initial and final value theorem
In some cases, the Laplace transform or its inverse cannot be determined, but in-
formation for some points of these functions can be obtained. The initial value
theorem states, that
lim
t→0+
f(t) = lim
s¯→∞
s¯f¯(s¯) (2.80)
if f¯(s¯) is the Laplace transform of the function f(t) [86]. If a function in the Laplace
domain f¯(s¯) is presented in form of a fraction with a denominator whose degree is
higher than the degree of the numerator and f¯(s¯) has no singularities for Re(s¯) > 0,
then the final value theorem states that
lim
t→∞
f(t) = lim
s¯→0+
s¯f¯(s¯) (2.81)
if f(t) is the inverse of f¯(s¯) and condition
∞∫
0
f(t) dt = lim
s¯→0
s¯f¯(s¯) (2.82)
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fulfilled [86].
2.3.3. Wave propagation in viscoelastic solids
In problems considering vibration, stress and strain are related by a complex quant-
ity denoted as the complex modulus. To derive the complex modulus, oscillating
strain is applied in the complex form [67]
εij = ε˜ij exp(jωt), (2.83)
consisting of a real part εij,R = ε˜ij cos(jωt) and an imaginary part εij,I = ε˜ij sin(jωt).
Considering the hydrostatic and deviatoric parts separately gives:
εh = ε˜h exp(jωt), (2.84a)
εdij = ε˜
d
ij exp(jωt), (2.84b)
where ε˜ij = ε˜
d
ij + ε˜
hδij . Taking into account the general stress-strain relation for
viscoelastic solids in Eq. (2.67), one can conclude that the stress tensor takes the
form
σij = σ˜ij exp(jωt). (2.85)
Solving Eqs. (2.68) for the stresses after substitution of Eqs. (2.84) leads to
σ˜h =
n∑
l=0
bhl (jω)
l
/
m∑
k=0
ahk (jω)
k ε˜h, (2.86a)
σ˜dij =
n∑
l=0
bdl (jω)
l
/
m∑
k=0
adk (jω)
k ε˜dij . (2.86b)
The factors of the strains are complex quantities, so that the stresses also become
complex expressions: σ˜h = σ˜h(ω) and σ˜dij = σ˜
d
ij(ω). Analogous to Eqs. (2.17) and
(2.18), Eqs. (2.86) can be written as
σ˜h = 3K˜ ε˜h, (2.87a)
σ˜dij = 2µ˜ ε˜
d
ij, (2.87b)
where K˜ = K˜(ω) and µ˜ = µ˜(ω) are also complex quantities. Taking into account
the conversion of the material parameters λ = K − 2/3µ, or analogous
λ˜(ω) = K˜(ω)− 2/3µ˜(ω), (2.88)
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the stress-strain relation in Eq. (2.13) for the case of harmonic vibration becomes:
σ˜ij = λ˜(ω) δij ε˜kk + 2µ˜(ω) ε˜ij. (2.89)
3. Wave propagation in linear elastic
material
This chapter deals with wave propagation through periodic layered and fiber rein-
forced composites of infinite length with linear elastic components. These structures
are analyzed by different techniques. Problems of layered structures are exactly
analyzed by the Floquet-Bloch approach. These exact results can be used as a ref-
erence to evaluate results obtained by approximation techniques like the AHM or
the PWEM.
3.1. Longitudinal waves in a layered composite
In this section, propagation of a longitudinal wave in x1-direction through a layered
composite consisting of a periodic structure of unit cells is analyzed (see Fig. 3.1).
These cells are build up of a matrix Ω(n) and an inclusion Ω(1), which is coated by the
`(1)
component Ω(1)
component Ω(2)
component Ω(n−1)
component Ω(n)
`(n)
2
`(n)
2
∂Ω
(n,n)
−
∂Ω
(1,2)
−
∂Ω
(n,n)
+
∂Ω
(n−1,n)
−
∂Ω
(n−1,n)
+
∂Ω
(1,2)
+
`
unit cell
x1
Figure 3.1.: Periodic unit cell consisting of the components Ω(1), . . . ,Ω(n).
components Ω(2), . . . ,Ω(n−1). This coating material might represent an interphase
between two components or simulate imperfect bonding. According to Sec. 2.1.3.2,
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the corresponding wave equation for component Ω(m) reads
E(m)
∂2u
(m)
1
∂x21
= ρ(m)
∂2u
(m)
1
∂t2
, m = 1, 2, . . . , n, (3.1)
with the Young’s modulus E(m), the mass density ρ(m), and the longitudinal displace-
ment u
(m)
1 = u
(m)
1 (x1, t) in x1-direction where u
(m)
1 ∈
{
u
(1)
1 , u
(2)
1±, . . . , u
(n)
1±
}
. Here, the
positive algebraic sign of the subscript ± refers to the location on the right hand
side of the inclusion and the unit cell in Fig. 3.1, the negative one to the left hand
side. At the boundaries ∂Ω
(m,m+1)
± between the components Ω
(m) and Ω(m+1), the
displacements are considered to be equal:{
u
(m)
1 = u
(m+1)
1
}∣∣∣
∂Ω
(m,m+1)
±
. (3.2)
The same applies to the stresses:{
E(m)
∂u
(m)
1
∂x1
= E(m+1)
∂u
(m+1)
1
∂x1
}∣∣∣∣∣
∂Ω
(m,m+1)
±
. (3.3)
Bonding described by Eqs. (3.2) and (3.3) is denoted as perfect bonding.
3.1.1. Exact solution of the frequency band structure by the
application of the Floquet-Bloch approach
The exact solution for the phononic band structure of the boundary value problem
presented by Eqs. (3.1) - (3.3) can be studied by the Floquet-Bloch approach.
According to the theorems of Floquet [66] and Bloch [41], a harmonic wave traveling
through the here considered structure is described by
u
(m)
1 = U
(m)
1 exp [j(kx1 + ωt)] (3.4)
with the spatially periodic function U
(m)
1 (x1) = U
(m)
1 (x1 + `). This function de-
scribes the influence of the composite’s microstructure [7] and leads to the following
condition for the displacements [44]:
u
(m)
1 (x1 + `) = u
(m)
1 (x1) exp(jk`). (3.5)
Substituting Eq. (3.4) into wave Eq. (3.1) leads to
U
(m)
1 = U
(m)
1,1 exp
[
j(k(m)x1 + ωt)
]
+ U
(m)
1,2 exp
[−j(k(m)x1 − ωt)] . (3.6)
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where U
(m)
1,i ∈
{
U
(1)
1,i , U
(2)
1,i±, . . . , U
(n)
1,i±
}
are constants and k(m) = ω
√
ρ(m)/E(m) is the
wave number of component Ω(m). The given problem is now analyzed by considering
a single unit cell of the structure in Fig. 3.2. Within this unit cell, the boundary
component Ω(1)
component Ω(2)
component Ω(n−1)
component Ω(n)
∂Ω
(1,2)
−
∂Ω
(n−1,n)
−
`(1) `(n)
`
∂Ω
(1,2)
+
∂Ω
(n−1,n)
+
x
Figure 3.2.: One single unit cell of the layered composite.
conditions in Eqs. (3.2) and (3.3) are applied. Together with periodicity condition
(3.5), the displacements and stresses at the outer boundaries of the unit cell are
connected in the following way:{
u
(n)
1
}∣∣∣
x1=`
=
{
u(n−1)
}∣∣
x1=0
exp(jk`), (3.7a){
E(n)
∂u
(n)
1
∂x1
}∣∣∣∣∣
x1=`
=
{
E(n−1)
∂u
(n−1)
1
∂x1
}∣∣∣∣∣
x1=0
exp(jk`). (3.7b)
Equations (3.2), (3.3), and (3.7) give a system of linear algebraic equations for
the unknown coefficients U
(m)
1,1 and U
(m)
1,2 . The solution of this system is non-trivial
if the determinant of the matrix of these unknown coefficients is equal to zero. This
solution is the so-called dispersion equation, which gives an exact relation between
the wave number k and the frequency ω. The article of Shen & Cao [145] presents
a general dispersion equation for n layers.
The wave number can be split into a real part kR and an imaginary part kI :
k = kR + jkI ; (3.8)
kI is the attenuation coefficient [44]. The frequencies for kI = 0 are the passing
bands [44]. In this frequency region waves can propagate through the composite. In
the frequency regions where kI 6= 0 wave propagation attenuates. These regions are
denoted as stopping bands [44]. Together with Eq. (3.8), Eq. (3.4) becomes
u
(m)
1 = U
(m)
1 exp [j(kRx1 + ωt)] exp (−kIx1) . (3.9)
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This equations shows, that the wave attenuates exponentially within the stopping
bands.
Example: Wave propagation through a layered composite consisting of the two
components Ω(1) and Ω(2) with the Young’s moduli E(1) and E(2) and the densities
ρ(1) and ρ(2) is considered. The boundary conditions presented in Eqs. (3.2), (3.3),
and (3.7) lead to the system


1 1 −1 −1
z(1) −z(1) −z(2) z(2)
e−j(k
(1)−k)`(1) ej(k
(1)+k)`(1) −ej(k(2)−k)`(2) −e−j(k(2)+k)`(2)
e−j(k
(1)−k)`(1) −ej(k(1)+k)`(1) −ej(k(2)−k)`(2) e−j(k(2)+k)`(2)




U
(1)
1,1
U
(1)
1,2
U
(2)
1,2
U
(2)
1,2

 = 0,
(3.10)
with z(m) =
√
E(m)ρ(m). The determinant of the matrix of the coefficients U
(1)
1,1 ,
U
(1)
1,2 , U
(2)
1,1 , and U
(2)
1,2 has to be equal to zero to give a nontrivial solution. The result
is the dispersion equation
cos(kˆ) = cos(ωˆc(1)) cos
(
ωˆc(2)v(1)
v(2)
)
− 1
2
(
z(1)
z(2)
+
z(2)
z(1)
)
sin(ωˆc(1)) sin
(
ωˆc(2)v(1)
v(2)
)
,
(3.11)
with the bar velocity [3] v(a) =
√
E(a)/ρ(a), kˆ = k`, the volume fraction c(a) = `(a)/`,
and ωˆ = ω`/v(1). This result has been obtained in different articles and books like
[35, 141, 152].
While numerous articles present diagrams relating k and ω, Fig. 3.3 illustrates the
dispersion and attenuation curves for a layered composite consisting of steel (E(1) =
210 GPa, ρ(1) = 7870 kg/m3) and aluminum (E(2) = 69 GPa, ρ(1) = 2700 kg/m3)
for different concentrations of the components and different frequencies. Such a
diagram can be regarded as a “fingerprint” which is unique for the steel-aluminum
combination.
3.1.2. Short-wave solution by the plane-wave expansions method
In the 18th century, different mathematicians found that periodic functions can be
represented as a series of trigonometric functions [82]. This section deals with a sort
of these series denoted as Fourier series. A function f(x) is considered to have the
period T , so that f(x) = f(x + T ). For some reason, it can be advantageous to
approximate f(x) by a summation of trigonometric functions which might accept-
ably approximate the original function and simplify the treatment of the original
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Figure 3.3.: Dispersion and attenuation curves for a layered composite consisting
of steel (E(1) = 210 GPa, ρ(1) = 7870 kg/m3) and aluminum.
problem. The Fourier series s(x) of the function f(x) is defined as [45]:
s(x) =
a0
2
+
∞∑
n=1
[an cos nωx+ bn sinnωx] , (3.12)
with the angular frequency ω = 2pi/T and the Fourier coefficients an and bn, which
are calculated in the following way:
an =
2
T
T∫
0
f(x) cosnωx dx, bn =
2
T
T∫
0
f(x) sinnωx dx. (3.13)
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In practical applications, just a finite number of summands of the Fourier series
expansion can be taken into account, and Eq. (3.12) is restricted to
sm(x) =
a0
2
+
m∑
n=1
[an cosnωx+ bn sinnωx] . (3.14)
The Fourier series expansion in Eq. (3.12) is valid if
∫ T/2
−T/2 |f(x)| dx is finite and does
not have an infinite number of discontinuities on an arbitrary interval of x [153].
In many cases, it is more common to use the complex notation of the Fourier
series:
s(x) =
∞∑
n=−∞
cn exp(jnωx) (3.15)
with the coefficients
cn =
1
T
T∫
0
f(x) exp(−jnωx) dx. (3.16)
It might be difficult to find an exact solution for the dispersion relation of a
composite, for example because of its complex geometry. If the wavelength of the
traveling wave is short in comparison to the heterogeneities, the application of the
PWEM gives the possibility to approximate the exact result. To apply this method,
a harmonic wave in the form
u3 = U(x1) exp(jkx1) exp(jωt) (3.17)
is considered, where U(x1) is a spatially periodic function, which can be expanded
into the Fourier series
U(x1) =
∞∑
m=−∞
Um exp
[
j
2pi
`
mx1
]
. (3.18)
The Fourier series expansion of the Young’s modulus becomes
E(x1) =
∞∑
m=−∞
Em exp
(
j
2pi
`
mx1
)
, (3.19a)
where Em =
1
`
∫
Ω0
E(x1) exp
(
−j 2pi
`
mx1
)
dx1, (3.19b)
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and the Fourier series of the density reads
ρ(x1) =
∞∑
m=−∞
ρm exp
(
j
2pi
`
mx1
)
, (3.20a)
where ρm =
1
`
∫
Ω0
ρ(x1) exp
(
−j 2pi
`
mx1
)
dx1. (3.20b)
Equations (3.2) and (3.3), which define the conditions for perfect bonding, are not
explicitly taken into account. Andrianov et al. [7] state that these boundary
conditions are implicitly considered by the Fourier series expansions. Substitution
of Eqs. (3.17), (3.18), (3.19a), and (3.20a) into wave Eq. (2.25) for a heterogeneous
rod leads to the following system of equations for the coefficients U˜m
∞∑
m=−∞
U˜m
[
En−m
(
2pi
`
m+ k
)(
2pi
`
n+ k
)
− ρn−mω2
]
= 0. (3.21)
The determinant of the matrix of U˜m approximates the relation between the wave
number k and the frequency ω. With restricting m and n to
−mmax ≤ mi ≤ mmax, nmax = mmax, (3.22)
the size of this matrix becomes (2mmax + 1) × (2mmax + 1). Such a system will be
denoted as “PWEM mmax” in the following example.
An important phenomenon associated with the Fourier analysis is the so-called
Gibbs phenomenon1. A function f(x) is considered to be piecewise continuous and
differentiable. Gibbs phenomenon is the behavior of the Fourier series sm(x) of
function f(x) at discontinuities (see Fig. 3.4). The over- and undershoot of s(x) at
these discontinuities do not disappear with additional summands, but reach a limit.
Hewitt & Hewitt [82] examine this phenomenon in detail. Techniques to reduce
the effect of the Gibbs phenomenon like the Lanczos σ-factor, the Feje´r averaging,
and the transform method of Gottlieb are analyzed in different books and articles
like Jerri [88, 89].
Example: Longitudinal wave propagation through a layered composite consisting
of the two layers Ω(1) and Ω(2) is considered (see Fig. 3.1), and the dispersion curves
of this structure are determined by the application of the PWEM for two parameter
1 This phenomenon is sometimes denoted as “Gibbs’s phenomenon” [82] or “Gibbs-Wilbraham
phenomenon” [82, 88], named after H. Wilbraham, who found this effect several decades earlier
than J. W. Gibbs.
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Figure 3.4.: Gibbs phenomenon: A discontinuous function f(x) and its Fourier
series sm(x).
sets, which are listed in the following table (the material parameters are taken from
[59]):
combination 1
Ω(1) : steel E(1) = 210 GPa ρ(1) = 7870 kg/m3 c(1) = 0.1
Ω(2) : polyethylene E(2) = 0.14 GPa ρ(2) = 910 kg/m3 c(2) = 0.9
combination 2
Ω(1) : steel E(1) = 210 GPa ρ(1) = 7870 kg/m3 c(1) = 0.1
Ω(2) : aluminum E(2) = 69 GPa ρ(2) = 2700 kg/m3 c(2) = 0.9
This example compares two material combinations of the same geometry with the
same component Ω(1), but with different components Ω(2). The ratio E(1)/E(2) of
the Young’s moduli for the first combination is higher than the ratio for the second
one. Figure 3.5 illustrates the convergence of both material combinations. Faster
convergence in the case of material parameters with a lower ratio has been dis-
cussed by Andrianov et al. [5, 7]. In these articles the examples for the analysis
of frequency band structures by the application of the PWEM are restricted to the
illustration of the disadvantages of this technique in the case of a high contrast of the
material parameters. In the case of a low ratio of the material parameters (combin-
ation 2) PWEM 4 approximates the exact results for the first three passing bands,
while in the case of a high contrast between the material parameters (combination
1) the passing bands of PWEM 7 from the third to the sixth band are located in
the stopping band region of the exact solution.
3.1 Longitudinal waves in a layered composite 39
pi
0 0.5 1 1.5
kˆ
ωˆ
combination 1: PWEM 1
pi
0 4 8 12 16
kˆ
ωˆ
combination 2: PWEM 1
PWEM
exact
pi
0 0.5 1 1.5
kˆ
ωˆ
combination 1: PWEM 3
pi
0 4 8 12 16
kˆ
ωˆ
combination 2: PWEM 2
PWEM
exact
pi
0 0.5 1 1.5
kˆ
ωˆ
combination 1: PWEM 5
pi
0 4 8 12 16
kˆ
ωˆ
combination 2: PWEM 3
PWEM
exact
pi
0 0.5 1 1.5
kˆ
ωˆ
combination 1: PWEM 7
pi
0 4 8 12 16
kˆ
ωˆ
combination 2: PWEM 4
PWEM
exact
Figure 3.5.: Dispersion curves: Comparison of the results obtained by the PWEM
with the exact solution for a steel-polymer composite (combination 1) and a steel-
aluminum composite (combination 2).
3.1.3. Long-wave asymptotic approach by the higher-order
homogenization method
In this section the governing problem presented in Fig. 3.1 is treated by the applic-
ation of the AHM. Therefore, a small parameter  is introduced, which relates the
microscopic and the macroscopic quantities of the analyzed problem:
 =
`
L
, (3.23)
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where ` is the length of a unit cell and L is the length of the wave traveling through
the composite. The wave length is considered to be much larger than the length of
the unit cell, L  `. Additionally, two coordinate variables are introduced. The
first one is the fast coordinate variable ζ1, which measures the displacement within
a unit cell. The second one is the slow coordinate variable y1, which measures the
displacement in the region of interest [37]. Both coordinate variables are also related
by the small parameter :
x1 = y1, (3.24a)
ζ1 = 
−1y1. (3.24b)
Consequently, the length of the unit cell in terms of slow coordinates is `, and the
total length of component Ω(n) in the unit cell is `(n). In terms of fast coordinates,
the length of a unit cell becomes equal to the wave length L, and the length of
component Ω(n) becomes −1`(n) (see Fig. 3.6). The displacement of component
component Ω(1)
component Ω(2)
component Ω(n−1)
component Ω(n)
∂Ω
(n,n)
+
∂Ω
(n−1,n)
+
∂Ω
(1,2)
+
ε−1`(n)
2
ε−1`(n)
2ε
−1`(1)
L = ε−1`
∂Ω
(1,2)
−
∂Ω
(n−1,n)
−
∂Ω
(n,n)
−
Figure 3.6.: Unit cell with dimensioning in terms of the fast coordinate ζ1.
Ω(m) is searched as an asymptotic expansion in powers of  :
u
(m)
1 (t, y1, ζ1) =
∑
i=0
iu
(m)
1,i . (3.25)
The first summand u1,0 = u
(m)
1,0 (t, y1) of the expansion is the homogenized part
of the solution. This term does not depend on the fast coordinates. The next
summands u
(m)
1,i>0 = u
(m)
1,i>0(t, y1, ζ1) are correction terms of the asymptotic order 
i.
These correction terms depend on both fast and slow coordinates. The periodicity
of the composite together with Eq. (3.23) leads to the following periodicity condition
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on the scale of the fast coordinates:
u
(m)
1 (t, y1, ζ1) = u
(m)
1 (t, y1, ζ1 + L). (3.26)
The derivatives with respect to x1 are replaced by their counterparts in the notation
of fast and slow variables:
∂
∂x1
→ ∂
∂y1
+ −1
∂
∂ζ1
, (3.27a)
∂2
∂x21
→ ∂
2
∂y21
+ 2−1
∂2
∂y1∂ζ1
+ −2
∂2
∂ζ21
. (3.27b)
After substitution of Eqs. (3.25) and (3.27) into Eq. (3.1), the wave equation be-
comes
E(m)
∑
i
i
(
∂2u
(m)
1,i
∂y21
+ 2
∂2u
(m)
1,i+1
∂y1∂ζ1
+
∂2u
(m)
1,i+2
∂ζ21
)
=
∑
i
iρ(m)
∂2u
(m)
1,i
∂t2
. (3.28)
where u
(a)
1,0 = u1,0 and u
(a)
1,i<0 = 0. Condition (3.2), which demands equality of
displacements of two components at their common boundary, becomes{∑
i
iu
(m)
1,i =
∑
i
iu
(m+1)
1,i
}∣∣∣∣∣
∂Ω
(m,m+1)
±
. (3.29)
Condition (3.3), postulating equal stresses of neighboring components at their in-
terface, reads{
E(m)
∑
i
i
(
∂u
(m)
1,i
∂y1
+
∂u
(m)
1,i+1
∂ζ1
)
= E(m+1)
∑
i
i
(
∂u
(m+1)
1,i
∂y1
+
∂u
(m+1)
1,i+1
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
.
(3.30)
The here considered boundary value problem is now investigated within the unit
cell in Fig. 3.6. Taking into account Eq. (3.26), the displacements at the outer
boundaries of the unit cell must the equal
∑
i
iu
(n)
1,i
∣∣∣∣∣
∂Ω
(n,n)
−
=
∑
i
iu
(n)
1,i
∣∣∣∣∣
∂Ω
(n,n)
+
, (3.31)
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just as well as the stresses:
E(n)
∑
i
i
(
∂u
(n)
1,i
∂y1
+
∂u
(n)
1,i+1
∂ζ1
)∣∣∣∣∣
∂Ω
(n,n)
−
= E(n)
∑
i
i
(
∂u
(n)
1,i
∂y1
+
∂u
(n)
1,i+1
∂ζ1
)∣∣∣∣∣
∂Ω
(n,n)
+
.
(3.32)
The assumption of material parameters of the same asymptotic order,
E(m)
E(1)
= O(0),
ρ(m)
ρ(1)
= O(0), m = 2, 3, . . . , n, (3.33)
allows to separate the summands of different orders in Eq. (3.28) - (3.32) in the
following way [7]:
E(a)
(
∂2u
(a)
1,i−2
∂y21
+ 2
∂2u
(a)
1,i−1
∂y1∂ζ1
+
∂2u
(a)
1,i
∂ζ21
)
= ρ(a)
∂2u
(a)
1,i−2
∂t2
, (3.34a)
{
u
(m)
1,i = u
(m+1)
1,i
}∣∣∣
∂Ω
(m,m+1)
±
, (3.34b)
{
E(m)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)
= E(m+1)
(
∂u
(m+1)
1,i−1
∂y1
+
∂u
(m+1)
1,i
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
, (3.34c)
u
(n)
1,i
∣∣∣
∂Ω
(n,n)
−
= u
(n)
1,i
∣∣∣
∂Ω
(n,n)
+
, (3.34d)
E(n)
(
∂u
(n)
1,i−1
∂y1
+
∂u
(n)
1,i
∂ζ1
)∣∣∣∣∣
∂Ω
(n,n)
−
= E(n)
(
∂u
(n)
1,i−1
∂y1
+
∂u
(n)
1,i
∂ζ1
)∣∣∣∣∣
∂Ω
(n,n)
+
. (3.34e)
Cherednichenko et al. [55] and Andrianov et al. [7] discuss the homo-
genization of composite materials with high contrasting material parameters: While
in the homogenized results the original character of the original equations are kept
when the material parameters have a low contrast, the homogenized relations shows
a non-standard structure if the material parameters’ contrast is high.
Conditions (3.34b) - (3.34e), as well as the “normalization condition“ [54],〈
u
(m)
1,i
〉
= 0 (3.35)
allow the calculate the displacements u
(a)
1,i of different orders. Here,
〈...〉 = 1
−1`
∫
Ω0
. . .dζ1 (3.36)
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is the averaging operator with Ω0 =
n∑
m=1
Ω(m). While boundary conditions (3.34b) -
(3.34e) only allow to describe the displacement u
(m)
1,i of component Ω
(m) relative to
neighboring components, condition (3.35) allows to describe the displacement in a
reference system.
The application of the operator (3.36) on wave Eq. (3.34a) gives the following
homogenized equation of the order i−1:
1
−1`
n∑
m=1
E(m)
∫
Ω(m)
∂2u
(m)
1,i−1
∂y21
+
∂2u
(m)
1,i
∂y1∂ζ1
dζ1 =
1
−1`
n∑
m=1
ρ(m)
∫
Ω(m)
∂2u
(m)
1,i−1
∂t2
dζ1. (3.37)
This equation is obtained by using (see Sec. A.1 in the appendix)
n∑
m=1
E(m)
∫
Ω(m)
∂2u
(m)
1,i
∂y1∂ζ1
+
∂2u
(m)
1,i+1
∂ζ21
dζ1 = 0. (3.38)
Combining the results of the BVP in Eqs. (3.34a) - (3.37) for i = 1, 2, . . . leads to
homogenized wave equations of different orders.
Example: A layered composite consisting of the elastic components Ω(1), . . . ,Ω(n)
is considered. The governing boundary value problem is presented by Eqs. (3.1) -
(3.3). Homogenized wave equations of different orders are derived by the application
of the AHM.
• Homogenized wave equations of the order O(0)
Substitution of i = 1 into wave Eq. (3.34a) and keeping in mind that u
(m)
1,−1 = 0,
u1,0 = u1,0(t, y1), and u
(m)
1,1 = u
(m)
1,1 (t, y1, ζ1) gives
E(m)
(
∂2u
(m)
1,−1
∂y21
+ 2
∂2u1,0
∂y1∂ζ1
+
∂2u
(m)
1,1
∂ζ21
)
= ρ(m)
∂2u
(m)
1,−1
∂t2
⇔ ∂
2u
(m)
1,1
∂ζ2
= 0 ⇔ u(m)1,1 =
(
a
(m)
1 + b
(m)
1 ζ1
) ∂u1,0
∂y1
, (3.39)
where a
(m)
1 , b
(m)
1 are constants, which are determined by the boundary condi-
tions presented in Eqs. (3.34b) - (3.35). Substitution of Eq. (3.39) into Eq.
(3.37) for i = 1 gives the following homogenized wave equations of the order
O(0):
〈E〉0∂
2u1,0
∂y21
= 〈ρ〉0∂
2u1,0
∂t2
, (3.40)
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where
〈E〉0 =
`
n∏
i=1
E(i)
n∑
k=1
`(k)
E(k)
n∏
i=1
E(i)
, 〈ρ〉 =
n∑
i=1
ρ(i)`(i)
`
, (3.41)
are the effective Young’s modulus and the effective density.
This example is now simplified to a problem of two alternating layers Ω(1) and
Ω(2) so that the material parameters in Eqs. (3.41) become
〈E〉0 = E
(1)E(2)`
E(1)`(2) + E(2)`(1)
, 〈ρ〉0 = ρ
(1)`(1) + ρ(2)`(2)
`
. (3.42)
• Homogenized wave equations of the order O(1)
The test functions for the displacements are obtained by the substitution of
i = 2 into wave Eq. (3.34a) and taking into account the homogenized wave
Eq. (3.40) of the order O(0):
E(m)
(
∂2u
(m)
1,0
∂y21
+ 2
∂2u1,1
∂y1∂ζ1
+
∂2u
(m)
1,2
∂ζ21
)
= ρ(m)
∂2u
(m)
1,0
∂t2
⇔ u(m)1,2 =
[
a
(m)
2 + b
(m)
2 ζ1 +
(
ρ(m)
〈ρ〉0
〈E〉0
E(m)
− 1− 2b(m)1
)
ζ21
2
]
∂2u1,0
∂y21
.(3.43)
The constants a
(m)
2 and b
(m)
2 are determined by the boundary conditions in
Eqs. (3.34b) - (3.35). For i = 2, the integrals in the homogenized Eq. (3.37)
become equal to zero.
• Homogenized wave equations of the order O(2)
For i = 3, Eq. (3.40) gives the following equation for the displacement:
E(m)
(
∂2u
(m)
1,1
∂y21
+ 2
∂2u1,2
∂y1∂ζ1
+
∂2u
(m)
1,3
∂ζ21
)
= ρ(m)
∂2u
(m)
1,1
∂t2
⇔ u(m)1,3 =
{
a
(m)
3 + b
(m)
3 ζ1 +
[
a
(m)
1
(
ρ(m)
〈ρ〉0
〈E〉0
E(m)
− 1
)
− 2b(m)2
]
ζ21
2
+
[
2 + 3b
(m)
1 +
(
b
(m)
1 − 2
) ρ(m)
〈ρ〉0
〈E〉0
E(m)
]
ζ31
6
}
∂3u1,0
∂y31
, (3.44)
with the constants a
(m)
3 and b
(m)
3 , which are determined by the boundary con-
ditions in Eqs. (3.34b) - (3.35). Substitution of Eqs. (3.39) - (3.44) into Eq.
(3.37) for i = 3 gives, combined with the homogenized wave Eq. (3.40), the
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following homogenized wave equation of the order O(2):
〈E〉0∂
2u1,0
∂y21
+ 〈E〉2∂
4u1,0
∂y41
= 〈ρ〉0∂
2u1,0
∂t2
, (3.45)
where
〈E〉2 =
[
`(1)`(2)
]2
12`2
[
E(1)ρ(1) − E(2)ρ(2)]2 〈E〉30
[E(1)E(2)〈ρ〉0]2
. (3.46)
This result has been obtained by Fish & Chen [65] and Andrianov et al.
[7].
Following the here presented scheme, homogenized wave equations of the order
O(6), O(8), . . . can be determined.
To analyze the dispersion relation of the homogenized structure, the following
harmonic wave with the amplitude U is considered
u1,0 = U exp [j(ky1 + ωt)] . (3.47)
The substitution of Eq. (3.47) into the homogenized wave equation of the order
O(m) gives the following dispersion equation:
ω2 =
m/2∑
i=0
(−1)i k2(i+1)〈E〉2i
〈ρ〉0 , m = 0, 2, 4, . . . . (3.48)
This result has been obtained by Andrianov et al. [7] for the order O(2). This
thesis generalizes this result.
The analogy of the determination of phononic and photonic bands has been dis-
cussed in Sec. 1.2. Andrianov et al. [6] discuss wave propagation in a chain
of masses m, which are connected by springs with the stiffness c and the length
`sp. Analogous to the previously discussed homogenized wave equations of the order
O(i), the elastic force Fel in such a spring-mass-chain is given by (Eq. (6.4) in [6]):
m
∂2F el
∂t2
= 2c
∑
i=1
`2i
sp
(2i)!
∂2iFel
∂y2i1
= c`sp
(
∂2
∂y21
+
`2sp
12
∂4
∂y41
+ . . .
)
Fel.
(3.49)
The analogy between the properties of a spring-mass-system and electric filters con-
sisting of inductances and condensers are discussed by Brillouin [44].
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3.1.4. The effects of imperfect interface - symmetric behavior
In this section, imperfect bonding is taken into account. The presence of imperfect
bonding, for example caused by a crack between components, has an influence on
the composite’s effective properties. The goal of this section is to find a relation
between the bonding quality, the effective material parameters, and the frequency
band structure. Imperfect bonding is modeled by boundary conditions at the in-
terface, which are introduced in Sec. 2.1.4.3. While at the interfaces ∂Ω
(m,m+1)
±
condition (3.3) still governs, the displacements of the components are described by{
±
(
u
(m+1)
1 − u(m)1
)
= γ(m,m+1)
(
E(m)
∂u
(m)
1
∂x1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
, (3.50)
where the positive algebraic sign of the subscript ± refers to the location at the
right hand side of the inclusion and the unit cell in Fig. 3.1, the negative one to the
left hand side. The Floquet-Bloch approach is applied to obtain an exact solution
for the dispersion relation, which serves as a reference to benchmark the results of
the AHM and the PWEM.
3.1.4.1. Exact solution: application of the Floquet-Bloch approach
The boundary conditions at ∂Ω
(m,m+1)
+ are given by Eqs. (3.3) and (3.50). If this
problem is considered within the single unit cell in Fig. 3.2, the outer boundaries of
this cell are coupled by Eqs. (3.7b) and
−
{
u
(n)
1
}∣∣∣
x1=`
+
{
u(n−1)
}∣∣
x1=0
exp(jk`) = γ(n−1,n)
{
E(n−1)
∂u
(n−1)
1
∂x1
}∣∣∣∣∣
x1=0
exp(jk`).
(3.51)
Combining Eqs. (3.3), (3.7b), (3.50), and (3.51) gives the exact dispersion relation
for layered composites with imperfect bonding.
Exact results for wave propagation in layered composites with perfect bonding
are well-known. In this work, the author obtains an exact result taking imperfect
bonding into account.
Example: A layered composite built up of the components Ω(1) and Ω(2) is con-
sidered. This problem is investigated within the unit cell in Fig. 3.2. Equations
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(3.3), (3.7b), (3.50), and (3.51) lead to the following exact dispersion equation:
cos(kˆ) = cos(ωˆc(1)) cos
(
ωˆc(2)v(1)
v(2)
)
− 1
2
(
z(1)
z(2)
+
z(2)
z(1)
)
sin(ωˆc(1)) sin
(
ωˆc(2)v(1)
v(2)
)
− ωˆγˆ(1,2)
[
sin(ωˆc(1)) cos
(
ωˆc(2)v(1)
v(2)
)
+
z(2)
z(1)
sin
(
ωˆc(2)v(1)
v(2)
)
cos(ωˆc(1))
]
+
1
2
z(2)
z(1)
[
ωˆγˆ(1,2)
]2
sin(ωˆc(1)) sin
(
ωˆc(2)v(1)
v(2)
)
,
(3.52)
where γˆ(1,2) = γ(1,2)E(1)/`, ωˆ = ω`/v(1), v(a) =
√
E(a)/ρ(a), and z(a) =
√
E(a)ρ(a).
If γ(1,2) = 0, then bonding between the components is perfect, and Eq. (3.52) is
reduced to the well-known dispersion relation in Eq. (3.11).
In Fig. 3.7, the dispersion curves and attenuation factors for a layered composite
with the parameters
Ω(1) : steel E(1) = 210 GPa ρ(1) = 7870 kg/m3 c(1) = 0.4
Ω(2) : aluminum E(2) = 69 GPa ρ(2) = 2700 kg/m3 c(2) = 0.6
are analyzed for different bonding factors. This figure illustrates that for increasing
values of γˆ(1,2) the passing bands become narrower, while the ratio between the
height and the width of a single continuous part of the attenuation curve within a
single stopping band increases.
In Fig. 3.8, the dispersion curves and attenuation factors are shown for different
values of γˆ(1,2). While for γˆ(1,2) = 0 a passing band might be localized in the interval
between the frequencies ω1 and ω2, for γˆ
(1,2) > 0, this frequency interval can be
partially or completely localized in a stopping band.
3.1.4.2. Short-wave solution by the plane-wave expansions method
This section covers the application of the PWEM for the investigation of layered
periodic structures with imperfect bonding between the components. The material
properties of an interphase characterizes the bonding behavior. The PWEM has
been applied in different other works like [5, 7, 102, 103] to analyze heterogeneous
structures with perfect bonding. This work goes one step further and discusses the
applicability of this method to investigate composites with imperfect bonding.
Example: To study the applicability of the PWEM to investigate of wave propaga-
tion in structures with imperfect bonding, a layered composite consisting of steel
and aluminum is considered. The material parameters are listed in the following
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Figure 3.7.: Exact solution of the dispersion curves and attenuation factors of a
layered steel-aluminum composite with imperfect bonding between the components.
table:
composite with an artificial interphase
Ω(1) : steel E(1) = 210 GPa ρ(1) = 7870 kg/m3 c(1) = 0.5
Ω(2) : interphase E(2) = E(1)/10 ρ(2) = ρ(1)/10 c(2) = 0.1
Ω(3) : aluminum E(3) = 69 GPa ρ(3) = 2700 kg/m3 c(3) = 0.4
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Ω(1) : steel, Ω(2) : aluminium, c(1) = 0.4
0 2 4 6 8 10 12 14ωˆ
0
0.2
0.4
0.6
0.8
1
γˆ(1,2)
pi
kˆR
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0.2
0.4
0.6
0.8
1
γˆ(1,2)
0
1
2
3
4
kˆI
Figure 3.8.: Exact solution: Dispersion curves and attenuation factors of a layered
steel-aluminum composite with imperfect bonding between the components for dif-
ferent bonding factors.
The results of the PWEM are compared with the exact result obtained by the
Floquet-Bloch approach. For a layered three-component material, the exact disper-
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sion equation reads:
cos(kˆ) = cos(C1) cos(C2) cos(C3)
+
([
z(1)z(3)
]2
+
[
z(2)
]4
4z(1) [z(2)]
2
z(3)
−
[
z(3)
]2
+
[
z(1)
]2
4z(2)z(3)
)
sin(C1) sin(C3)
− sin(C2)


([
z(1)
]2
+
[
z(2)
]2)
2z(1)z(2)
sin(C1) cos(C2)−
([
z(2)
]2
+
[
z(3)
]2)
2z(2)z(3)
cos(C1) sin(C3)


−
([
z(1)z(3)
]2
+
[
z(2)
]4
4z(1) [z(2)]
2
z(3)
+
[
z(3)
]2
+
[
z(1)
]2
4z(2)z(3)
)
sin(C1) cos(C2) sin(C3).
(3.53)
where C1 = ωˆc
(1), C2 = ωˆc
(2)v(1)/v(2), and C3 = ωˆc
(1)v(1)/v(3).
Figure 3.9 compares the approximations obtained by the PWEM with exact res-
ults. The simulation of imperfect bonding by a small interphase material can be
difficult if the length of the interphase material is much smaller than the other
lengths, and its material properties are of a lower order of magnitude than the the
properties of other components. This example suggests, that the analysis of hetero-
geneous structures with imperfect bonding by the PWEM is restricted to bonding
conditions, which are close to perfect bonding.
3.1.4.3. Long-wave asymptotic approach by the higher-order homogenization
method
The investigation of layered periodic composites using the AHM is discussed in
detail in Sec. 3.1.3. This section additionally considers imperfect bonding described
by Eq. (3.50), generalizes results the author of this thesis obtained in [14], and
presents homogenized wave equations of different orders. Application of the AHM
on condition (3.50) gives{
±∑
i=1
i
(
u
(m+1)
1,i − u(m)1,i
)
.
= γ(m,m+1)E(m)
(
∂
∂y1
+
1

∂
∂ζ1
)(
u1,0 +
∑
i=1
iu
(m)
1,i
)}∣∣∣∣
∂Ω
(m,m+1)
±
,
(3.54)
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Figure 3.9.: PWEM: Dispersion curves of a steel-aluminum composite with imper-
fect bonding.
or, after separation of summands of different orders:{
±
(
u
(m+1)
1,i − u(m)1,i
)
= γ(m,m+1)E(m)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
. (3.55)
Example: A layered composite structure with the components Ω(1), . . . ,Ω(n) is con-
sidered. The AHM is applied to determine homogenized wave equations of different
orders and to approximate of the first branch of the passing band structure.
• Homogenized wave equations of the order O(0)
The constants in Eq. (3.39) have to fulfill the boundary conditions in Eqs.
(3.34c) - (3.35) and (3.55). Substitution of Eq. (3.39) into Eq. (3.37) for i = 1
52 Wave propagation in linear elastic material
gives the following homogenized wave equation:
〈E〉0∂
2u1,0
∂y21
= 〈ρ〉0∂
2u1,0
∂t2
, (3.56)
where
〈E〉0 =
`
n∏
i=1
E(i)(
n∑
k=1
`(k)
E(k)
n∏
i=1
E(i)
)
+ 2
(
n∏
i=1
E(i)
)(
n−1∑
i=1
γ(i,i+1)
) ,
〈ρ〉0 =
(
n∑
i=1
ρ(i)`(i)
)
/`.
(3.57)
If γ(1,2) = γ(2,3) = · · · = γ(n−1,n) = 0, bonding between components is perfect,
and the effective parameter in Eq. (3.57) are equal to the parameters for
perfect bonding in Eqs. (3.41).
To simplify this example, just the two components Ω(1) and Ω(2) are taken into
account, so that Eqs. (3.57) become:
〈E〉0 = E
(1)E(2)`
E(1)`(2) + E(2)`(1) + 2E(1)E(2)γ(1,2)
, 〈ρ〉0 = ρ
(1)`(1) + ρ(1)`(1)
`
.
(3.58)
• Homogenized wave equations of the order O(1)
The constants in Eq. (3.43) have to fulfill the boundary conditions in Eqs.
(3.34c) - (3.35), and (3.55). Substitution of Eq. (3.39) into wave Eq. (3.37)
for i = 2 leads to an equation which is equal to zero, and terms of higher order
have to be considered.
• Homogenized wave equations of the order O(2)
The constants in Eq. (3.44) have to fulfill the boundary conditions in Eqs.
(3.34c) - (3.35) and (3.55). Substitution of Eq. (3.44) into Eq. (3.37) for i = 3
gives the following homogenized wave equation:
〈E〉0∂
2u1,0
∂y21
+ 〈E〉2∂
4u1,0
∂y41
= 〈ρ〉0∂
2u1,0
∂t2
(3.59)
with
〈E〉2 =
3∑
i=0
Zi
[
γ(1,2)
]i
N1
, (3.60)
where
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Z0 = E
(1)E(2)
(
E(1)ρ(1) − E(2)ρ(2))2 (E(1)`(2) + E(2)`(1)) [`(1)`(2)]2 `3,
Z1 = 2
[
E(1)E(2)
]2 (
2ρ(1)
[
`(1)
]2
+ 3`(1)`(2)
(
ρ(1) − ρ(2))− 2 [`(2)]2 ρ(2))(
E(1)ρ(1) − E(2)ρ(2)) (E(1)`(2) + E(2)`(1)) `(1)`(2)`2,
Z2 = 4
[
E(1)E(2)
]3
`(E(2)
[
ρ(1)
]2 [
`(1)
]5
+ E(1)
[
ρ(2)
]2 [
`(2)
]5
−2E(1)ρ(1)ρ(2)`(1) [`(2)]4 − 2E(2)ρ(1)ρ(2) [`(1)]4 `(2)
+3E(2)
[
ρ(1)
]2 [
`(1)
]4
`(2) + 3E(1)
[
ρ(2)
]2
`(1)
[
`(2)
]4
+4
(
E(1)
[
ρ(1)
]2
+ E(2)
[
ρ(2)
]2) [
`(1)`(2)
]2
`
−7 (E(1)`(2) + E(2)`(1)) ρ(1)ρ(2) [`(1)`(2)]2 + 3E(1) [ρ(2)]2 [`(1)]2 [`(2)]3
+3E(2)
[
ρ(1)
]2 [
`(1)
]3 [
`(2)
]2 − 3 (E(1)`(1) + E(2)`(2)) ρ(1)ρ(2) [`(1)`(2)]2
+E(2)
[
ρ(2)
]2
`(1)
[
`(2)
]4
+ E(1)
[
ρ(1)
]2 [
`(1)
]4
`(2)),
Z3 = 8
[
E(1)E(2)
]4
`(1)`(2)
(
ρ(1) − ρ(1)) `(ρ(1) [`(1)]2
+2`(1)`(2)
(
ρ(1) − ρ(2))− ρ(2) [`(2)]2),
N1 = 12((ρ
(1)`(1) + ρ(2)`(2))(E(1)`(2) + E(2)`(1))
[(
E(1)ρ(1) + E(2)ρ(2)
)
`(1)`(2)
+E(2)ρ(1)
[
`(1)
]2
+ E(1)ρ(2)
[
`(2)
]2
+ 2γ(1,2)E(1)E(2)
(
ρ(1)`(1) + ρ(2)`(2)
)]
×(E(1)`(2) + `(1)E(2) + 2γ(1,2)E(1)E(2))2).
In the limiting case γ(1,2) → 0, wave Eq. (3.59) becomes equal to the homogen-
ized wave equation of the order O(2) for perfect bonding between components
in Eq. (3.45).
For the investigation of the dispersion relation, the harmonic wave equation (3.47)
is substituted into the homogenized wave equations of different orders and the dis-
persion Eq. (3.48) is obtained. Using the parameters for a layered steel-aluminum
composite,
Ω(1) : steel E(1) = 210 GPa ρ(1) = 7870 kg/m3 c(1) = 0.4
Ω(2) : aluminum E(2) = 69 GPa ρ(2) = 2700 kg/m3 c(2) = 0.6
the homogenized wave equations of the orders O(0) and O(2) are compared with
the exact solution from Eq. (3.52). Figure 3.10 illustrates the results. The diagram
for γˆ(1,2) = 0 represents the case of perfect bonding between the components. This
case is also discussed in [7].
Example 2: Again a layered composite built up of two components Ω(1) and Ω(2)
with imperfect bonding is considered. This example illustrates the influence of the
bonding factor γ(1,2) on the effective Young’s modulus of the order O(ε0). Together
with the nondimensional quantities Eˆ(2) = E(2)/E(1), γˆ(1,2) = γ(1,2) E
(1)
`
, and c(a) =
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Figure 3.10.: Position of first branch of the dispersion curve: Comparison of the
results obtained by the AHM with the exact solution for perfect and imperfect
bonding.
`(a)/`, Eq. (3.57) can be rewritten as follows
〈E〉0
E(1)
=
Eˆ(2)
c(1)Eˆ(2) + 1− c(1) + 2Eˆ(2)γˆ(1,2) . (3.61)
Figure 3.11 illustrates the influence of the bonding factor γ(1,2) on the effective
Young’s moduli for the three material combinations
• aluminum (E(1) = 69 GPa, c(1) = 0.1) and steel (E(2) = 210 GPa),
• magnesium (E(1) = 45 GPa, c(1) = 0.1) and steel, and
• rubber (E(1) = 0.0041 GPa [59], c(1) = 0.1) and steel.
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With an increasing bonding factor, the effective Young’s moduli decline until they
reach the limit
lim
γ(1,2)→∞
〈E〉0 = 0. (3.62)
Figure 3.12 shows effective Young’s moduli for different volume fractions of the
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Figure 3.11.: Influence of γˆ(i,i+1) on
the effective Young’s modulus for dif-
ferent composites.
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Figure 3.12.: Effective Young’s mod-
ulus for different volume fractions.
components for γ(i,i+1) = 0, 0.1, and 1. In the case of perfect bonding, one can state
that E(1) ≤ 〈E〉0 ≤ E(2) if E(2) > E(1). For γ(i,i+1) > 0, the effective modulus can
be lower than the lowest modulus of the components: 0 ≤ 〈E〉0 ≤ E(2).
3.1.5. The effects of imperfect interface - non-symmetric
behavior
This section is devoted to the analysis of imperfect bonding with non-symmetric
behavior. In Sec. 2.1.4.4, different bonding conditions for pressure and tension are
discussed. For the problem presented in Fig 3.1, non-symmetric bonding at the
boundary ∂Ω
(m,m+1)
± is given by{
±
(
u
(m+1)
1 − u(m)1
)
=
[
γ
(m,m+1)
1 + γ
(m,m+1)
2 sgn
(
∂u
(m)
1
∂x1
)](
E(m)
∂u
(m)
1
∂x1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
.
(3.63)
Here, γ
(m,m+1)
1 and γ
(m,m+1)
2 characterize the bonding condition.
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3.1.5.1. Long-wave asymptotic approach by the higher-order homogenization
method
The application of the AHM on Eq. (3.63) leads to the following expression in fast
and slow coordinate variables:{
± 
(
u
(m+1)
1,i − u(m)1,i
)
=
[
γ
(m,m+1)
1 + γ
(m,m+1)
2 sgn
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)]
× E(m)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
.
(3.64)
The effective wave equation of different orders is determined by ansatz (3.39), and
the boundary value problem presented in Eqs. (3.34c), (3.34e), (3.35), and (3.64).
Example: A layered composite with n components and propagation of a longitud-
inal wave is considered. The homogenized wave equation of the order O(0) reads
〈E〉0∂
2u1,0
∂y21
= 〈ρ〉0∂
2u1,0
∂t2
(3.65)
where
〈E〉0 =
`
n∏
i=1
E(i)(
n∑
k=1
`(k)
E(k)
n∏
i=1
E(i)
)
+ 2
(
n∏
i=1
E(i)
)[
n−1∑
i=1
(
γ
(i,i+1)
1 + γ
(i,i+1)
2 sgn
(
∂u1,0
∂y1
))] ,
〈ρ〉0 =
n∑
i=1
ρ(i)`(i)
`
(3.66)
are the effective material parameters (see appendix Sec. A.2). For γ
(i,i+1)
2 = 0, the
homogenized wave equation for imperfect and symmetric bonding is obtained. In
the case of γ
(i,i+1)
1 = γ
(i,i+1)
2 = 0, the material parameters in Eqs. (3.66) describe
perfect bonding.
Now bonding is considered to be perfect for pressure stress, but imperfect for
tension. This condition is obtained when the bonding factors in Eq. (3.64) are
equal, γ
(i,i+1)
1 = γ
(i,i+1)
2 . In this case, the upper and lower bounds of the effective
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Young’s modulus are given by
`
n∏
i=1
E(i)(
n∑
k=1
`(k)
E(k)
n∏
i=1
E(i)
)
+ 4
(
n∏
i=1
E(i)
)(
n−1∑
i=1
γ
(i,i+1)
1
) ≤ 〈E〉0 ≤ `
n∏
i=1
E(i)(
n∑
k=1
`(k)
E(k)
n∏
i=1
E(i)
) .
(3.67)
This original result is a generalization of the results of the author in [14].
3.2. Anti-plane shear waves in fibrous composites
Anti-plane shear wave propagation through a fiber-reinforced composite is con-
sidered. An exact solution for the determination of the acoustic properties is difficult
to find so that the analysis of these structures is restricted to approximation meth-
ods. After introducing the governing relations of the problem, the PWEM and the
AHM are applied. Different bonding qualities are also taken into account.
3.2.1. Governing relations
A composite consists of a matrix Ω(3) of infinite length in all directions and is
reinforced by periodically distributed parallel fibers Ω(1) with circular cross-section,
which run from −∞ < x3 < ∞ (see Fig. 3.13). The fibers are coated by the
`1
`2
Ω(1) : inclusion
Ω(2) : interface
Ω(3) : matrix
∂Ω(2,3)
∂Ω(1,2)
x3
x1
x2
Figure 3.13.: Cross-section of a composite, reinforced by parallel fibers.
interphase Ω(2). The radius of a single fiber is r(1), and the radius from the center of
a fiber to the outer face of the interphase material is r(2). The unit cell has quadratic
cross-sectional area with the side length `1 = `2 = ` (see Fig. 3.14). The anti-plane
shear wave propagates in the (x1, x2)-plane with the displacement in x3-direction
parallel to the run of the fibers. Bonding between the components is assumed to be
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perfect, {
u
(m)
3 = u
(m+1)
3
}∣∣∣
∂Ω(m,m+1)
, m = 1, 2, (3.68)
and stresses are assumed to be continuous across the interfaces,{
µ(m)
∂u
(m)
3
∂~nx
= µ(m+1)
∂u
(m+1)
3
∂~nx
}∣∣∣∣∣
∂Ω(m,m+1)
, m = 1, 2. (3.69)
Here, ∂/∂~nx is the derivative normal to ∂Ω
(m,m+1).
r(1)
r(2)
`
`
Ω(1) : inclusion
Ω(2) : interface
Ω(3) : matrix
x3
x2
x1
ϕ
~k
Figure 3.14.: Unit cell of the structure presented in Fig. 3.13
3.2.2. Short-wave solution by the plane-wave expansions method
Wave Eq. (2.26) describes anti-plane shear wave propagation for the heterogeneous
structure presented in Fig. 3.13. Following the theorems of Bloch and Floquet, the
equation of a propagating harmonic wave is given by
u3 = U(~x) exp(j~k · ~x) exp(jωt) (3.70)
with the spatially periodic function U(~x) = U(~x+ ~`r), the wave vector ~k, and
~`
r = r1~`1 + r2~`2, ~`i = `~ei, (3.71)
where r1 and r2 are integers. The periodic function U(~x) can be rewritten as the
following Fourier series2:
U(~x) =
∞∑
m1,m2=−∞
Um1
m2
exp
[
j
2pi
`
(m1x1 +m2x2)
]
. (3.72)
The composite is periodic in x1- and x2-direction, but homogeneous in x3-direction.
Consequently, the series expansion of U(~x) is just carried out with respect to x1 and
2For reasons of clarity, instead of
∞∑
m1=−∞
∞∑
m2=−∞
the notation
∞∑
m1,m2=−∞
is used.
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x2. The Fourier series expansion of the second Lame´ parameter becomes
µ(~x) =
∞∑
m1,m2=−∞
µm1
m2
exp
[
j
2pi
`
(m1x1 +m2x2)
]
, (3.73a)
where µm1
m2
=
1
`2
∫∫
Ω0
µ(~x) exp
[
−j 2pi
`
(m1x1 +m2x2)
]
dx1 dx2. (3.73b)
Finally, the Fourier series of the density reads
ρ(~x) =
∞∑
m1,m2=−∞
ρm1
m2
exp
[
j
2pi
`
(m1x1 +m2x2)
]
, (3.74a)
where ρm1
m2
=
1
`2
∫∫
Ω0
ρ(~x) exp
[
−j 2pi
`
(m1x1 +m2x2)
]
dx1 dx2. (3.74b)
After substitution of Eq. (3.70) and the Fourier series from Eqs. (3.72) - (3.74)
into wave Eq. (2.26), the following system of equations for the coefficients Um1
m2
is
obtained (see Sec. A.3 in the appendix):
∞∑
m1,m2=−∞
Um1
m2
{
µn1−m1
n2−m2
[(
2pi
`
m1 + k1
)(
2pi
`
n1 + k1
)
+
(
2pi
`
m2 + k2
)(
2pi
`
n2 + k2
)]
− ρn1−m1
n2−m2
ω2
}
= 0.
(3.75)
This result can be found in [5, 7]. The determinant of the matrix of Um1
m1
gives a
relation between the wave vector ~k and the frequency ω. For practical use, this
system can be limited to
−mi, max ≤ mi ≤ mi, max, mi, max = ni, max, i = 1, 2, m1, max = m2, max, (3.76)
so that the size of the matrix of the coefficients is limited to
(2mi, max + 1)
2 × (2mi, max + 1)2. Such a system will be denoted as “PWEM mi, max”.
Increasing mi, max improves the accuracy of the relation between ~k and ω and takes
into account higher frequencies. The application of the PWEM for anti-plane wave
propagation and for perfect bonding is studied in different papers for different applic-
ations [5, 7, 102, 103]. Section 3.2.4.1 applies this method to investigate composites
with imperfect bonding.
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3.2.3. Long-wave asymptotic approach by the higher-order
homogenization method
r ϕ
Ω(1) : inclusion
Ω(2) : interphase
Ω(3) : matrix
ε−1`
ε−1`
ζ1
ζ2
Figure 3.15.: Unit cell of the structure presented in Fig. 3.13 in terms of fast
coordinates
The problem of anti-plane shear wave propagation in the (x1, x2)-plane of the
structure presented in Fig. 3.13 is investigated by the application of the AHM for
long waves. The wave equation for component Ω(m) reads (see Eq. (2.21))
µ(m)
(
∂2u
(m)
3
∂x21
+
∂2u
(m)
3
∂x22
)
= ρ(m)
∂2u
(m)
3
∂t2
, (3.77)
where µ(m) is the second Lame´ constants, and u
(m)
3 is the displacement in x3-direction
of component Ω(m). The wavelength L is considered to be much larger than the side
length ` of the unit cell. The small parameter  gives a ratio between both lengths.
In this case, the slow and fast coordinate variables read
xi → yi, ζi = −1yi, (3.78)
where i = 1, 2. The displacements are presented as the asymptotic expansion
u
(m)
3 (t, ~y,
~ζ) =
∑
i=0
iu
(m)
3,i (t, ~y,
~ζ), (3.79)
with the homogenized part u3,0 = u
(m)
3,0 (t, ~y) depending on the fast coordinates and
the correction terms u
(m)
3,i>0 = u
(m)
3,i>0(t, ~y,
~ζ) of the asymptotic order i depending on
both fast and slow coordinates. The structure is assumed to be periodic,
u
(m)
3 (t, ~y,
~ζ) = u
(m)
3 (t, ~y,
~ζ + ~Lr), (3.80)
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where ~Lr = ε
−1~`
r. The derivatives in terms of fast and slow coordinates read
∇x → ∇y + ε−1∇ζ , (3.81a)
∇2xx → ∇2yy + 2ε−1∇2yζ + ε−2∇2ζζ (3.81b)
with
∇y = ~e1 ∂
∂y1
+ ~e2
∂
∂y2
, (3.82a)
∇2yζ = ~e1
∂2
∂y1∂ζ1
+ ~e2
∂2
∂y2∂ζ2
, (3.82b)
...
The material parameters of the composite are of the same asymptotic order,
µ(m)
µ(1)
= O(ε0),
ρ(m)
ρ(1)
= O(ε0), m = 2, 3. (3.83)
After substitution of Eq. (3.79) into wave Eq. (3.77) and using the derivatives in
(3.81), the wave equation in notation of slow and fast coordinate variables becomes,
after separation of summands of different orders:
µ(m)
(
∇yyu(m)3,i−2 + 2∇yζu(m)3,i−1 +∇ζζu(m)3,i
)
= ρ(m)
∂2u
(m)
3,i−2
∂t2
(3.84)
Condition (3.68) describing perfect bonding at the interfaces becomes{
u
(m)
3,i = u
(m+1)
3,i
}∣∣∣
∂Ω
(m,m+1)
±
, (3.85)
and condition (3.69), which states equality of shear stresses at the boundaries, reads{
µ(m)
(
∂u
(m)
3,i−1
∂~ny
+
∂u
(m)
3,i
∂~nζ
)
= µ(m+1)
(
∂u
(m+1)
3,i−1
∂~ny
+
∂u
(m+1)
3,i
∂~nζ
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
(3.86)
where m = 1, 2. Here, ∂/∂~ny is the derivative normal to ∂Ω
(i,i+1) in slow coordinate
variables, and ∂/∂~nζ in fast coordinate variables.
Andrianov et al. [7, 14, 16] have shown that replacing the normalization
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condition (3.35) by the following zero boundary conditions{
u
(n)
3,i = 0
}∣∣∣
∂Ω
(n,n)
±
, (3.87a)
{
u
(1)
3,i = 0
}∣∣∣
ζ1=0
, (3.87b)
leads to the same results for the homogenized results of the order O(0).
3.2.4. The effect of imperfect interface
Following Sec. 2.1.4.2, an interphase Ω(2) between the inclusion Ω(1) and the matrix
Ω(3) can simulate bonding. If the interphase is considered to have a thickness tending
to zero, ∆r = (r(2) − r(1)) → 0, bonding can be described by boundary condition
(2.39). In the here discussed case of anti-plane shear wave propagation this equation
reads {
u
(3)
3 − u(1)3 = γ(1,3)
(
µ(1)
∂u
(1)
3
∂~nx
)}∣∣∣∣∣
r=r(1)
, (3.88)
with the bonding factor
γ(1,3) = lim
∆r→0
µ(2)→0
∆r
µ(2)
= const. (3.89)
The analysis of the here presented problem by the application of the PWEM and
the AHM for perfect bonding is known from papers like [7]. This work extends these
results by considering different bonding conditions. The influence of the bonding
conditions on the effective parameters and the frequency band formation is invest-
igated.
3.2.4.1. Short-wave solution by the application of the plane-wave expansion
method
To the knowledge of the author, previous works dealing with the analysis of com-
posites applying the PWEM are limited to problems with perfect bonding. In this
section anti-plane shear wave propagation for composites with imperfect bonding is
considered by the application of the PWEM. Basic ideas and the limitations of the
use of this technique are discussed in Sec. 3.1.2 for one-dimensional wave propaga-
tion and in Sec. 3.2.2 for anti-plane shear wave propagation.
Example: A composite structure build up of unit cells with a quadratic cross-
sectional area, the fibrous inclusion Ω(1), the matrix Ω(3), and the interphase Ω(2)
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between matrix and inclusion simulating imperfect bonding is considered. The para-
meters of this problem are listed the following table:
square unit cell: matrix with fibrous inclusions and interphase
Ω(1) : steel µ(1) = 79.3 GPa [59] ρ(1) = 7870 kg/m3 [59] c(1) = 0.4
Ω(2) : interphase µ(2) = µ(1)/10 ρ(2) = ρ(1)/10 c(2) = 0.1
Ω(3) : aluminum µ(3) = 25.5 GPa [59] ρ(3) = 2700 kg/m3 [59] c(3) = 0.5
The PWEM is applied to determine the dispersion curves for wave propagation in
0
pi
0 1 2 3
|~ˆk|
ωˆ
PWEM 1, ϕ = 0
Disp. curves
0
pi
0 1 2 3
|~ˆk|/√2
ωˆ
PWEM 1, ϕ = pi/4
Disp. curves
Figure 3.16.: Anti-plane shear waves in fibrous inclusions and imperfect bonding:
Dispersion curves for wave propagation in direction of ϕ = 0 and ϕ = pi/4.
direction of ϕ = 0 and ϕ = pi/4. Figure 3.16 illustrates the results with
~ˆ
k = ~k`,
ωˆ = ω`/v(1), and v(1) =
√
µ(1)/ρ(1).
3.2.4.2. Long-wave asymptotic approach for small inclusions
A matrix Ω(3) reinforced by the fibers Ω(1) is considered. Imperfect bonding at the
interface ∂Ω(1,3) is described by Eq. (3.88). When the AHM is applied and Eqs.
(3.79) and (3.81) are substituted into Eq. (3.88), the condition of imperfect bonding
in fast and slow coordinate variables becomes{

(
u
(3)
3,i − u(1)3,i
)
= γ(1,3)µ(1)
(
∂u
(1)
3,i−1
∂~ny
+
∂u
(1)
3,i
∂~nζ
)}∣∣∣∣∣
r=r(1)
. (3.90)
The solution for the effective parameter 〈µ〉 can be approximated by splitting the
original problem into a problem of a low volume fraction c(1) of the inclusion material
(c(1) → 0) and into a problem of a high volume fraction (c(1) → c(1)max = pi/4).
These solutions can be matched by two-point Pade´ approximants [34], so that an
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approximation for 0 ≤ c(1) ≤ c(1)max is obtained:
〈µ〉
µ(3) [n/m]
=
a0 + a1c
(1) + · · ·+ an
[
c(1)
]n
b0 + b1c(1) + · · ·+ bm [c(1)]m (3.91)
with b0 = 1. Equation (3.91) has m + n + 1 coefficients a0, a1, . . . , an, and
b1, b2, . . . , bm, which are determined by known conditions for c
(1) → 0 and c(1) →
pi/4.
When the volume fraction of the inclusion is small, c(1) → 0, an approximation
denoted as the three-phase model is applied, which was introduced by Keller [96]
and van der Pol [159], and later described by Christensen [57] as follows: All
except one single unit cell of the structure is replaced by an equivalent homogeneous
material Ω(4), which has the same properties as the effective material parameters
〈µ〉 and 〈ρ〉. The outer contour of the matrix is replaced by a circular one with the
radius r(3) without changing the size of the unit cell: r(3) = `/
√
pi (see Fig. 3.17).
For i = 1, wave Eq. (3.84) becomes
∇ζζu(a)3,1 = 0. (3.92)
r(3)
Ω(3) : matrix
Ω(1) : inclusion
Ω(4) : equivalent homogeneous
material
Figure 3.17.: Three-phase model.
It is convenient to replace the Cartesian coordinates ζ1 and ζ2 by the polar co-
ordinates r and ϕ with ζ1 = r cosϕ and ζ2 = r sinϕ, so that the Eq. (3.92) can be
written as
∂2u
(m)
3,1
∂r2
+
1
r
∂u
(m)
3,1
∂r
+
1
r2
∂2u
(m)
3,1
∂ϕ2
= 0, (3.93)
where m = 1, 3, 4. For the here presented model, the zero boundary conditions
presented in Eqs. (3.87) become:
u
(1)
3,1
∣∣∣
r=0
, lim
r→∞
u
(4)
3,1 = 0. (3.94)
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Approaches for the displacements which fulfill the conditions in Eqs. (3.93) and
(3.94) are
u
(1)
3,1=
(
cosϕ
∂u3,0
∂y1
+ sinϕ
∂u3,0
∂y2
)
a(1)r, (3.95a)
u
(3)
3,1=
(
cosϕ
∂u3,0
∂y1
+ sinϕ
∂u3,0
∂y2
)(
a(3)r +
b(3)
r
)
, (3.95b)
u
(4)
3,1=
(
cosϕ
∂u3,0
∂y1
+ sinϕ
∂u3,0
∂y2
)
a(4)
r
. (3.95c)
For the interface between inclusion and matrix, the boundary conditions in Eqs.
(3.86) and (3.90), which describe imperfect bonding, can be rewritten in polar co-
ordinates as {
µ(1)
(
∂u3,0
∂y1
cosϕ +
∂u3,0
∂y2
sinϕ+
∂u
(1)
3,1
∂r
)
= µ(3)
(
∂u3,0
∂y1
cosϕ+
∂u3,0
∂y2
sinϕ+
∂u
(3)
3,1
∂r
)}∣∣∣∣∣
r=r(1)
,
(3.96)
and{

(
u
(3)
3,1 − u(1)3,1
)
= γ(1,3)µ(1)
(
∂u3,0
∂y1
cosϕ+
∂u3,0
∂y2
sinϕ+
∂u
(3)
3,1
∂r
)}∣∣∣∣∣
r=r(1)
(3.97)
for the differences of the displacements.
Bonding between the matrix and the equivalent homogenized material is con-
sidered to be perfect, so that the boundary conditions become (also see [12, 29]){
µ(3)
(
∂u3,0
∂y1
cosϕ+
∂u3,0
∂y2
sinϕ+
∂u
(3)
3,1
∂r
)
=
µ(4)
(
∂u3,0
∂y1
cosϕ+
∂u3,0
∂y2
sinϕ+
∂u
(4)
3,1
∂r
)}∣∣∣∣∣
r=r(3)
,
(3.98)
and {
u
(3)
3,1 = u
(4)
3,1
}∣∣∣
r=r(3)
. (3.99)
The constants in Eqs. (3.95) can be determined by the boundary conditions presen-
ted in Eqs. (3.96) - (3.99). The application of the averaging operator over the
left hand side of wave Eq. (3.84) leads to the following expression for the effective
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material:
〈µ〉∇xxu3,0 = 1
Ω0

µ(1) ∫∫
Ω(1)
(
∇xxu3,0 +∇xyu(1)3,0
)
dϕ dr
+µ(3)
∫∫
Ω(3)
(
∇xxu3,0 +∇xyu(3)3,0
)
dϕ dr
+ µ(4)
∫∫
Ω(4)
(
∇xxu3,0 +∇xyu(4)3,1
)
dϕ dr

 ,
(3.100)
where Ω0 = Ω
(1) + Ω(3) + Ω(4). After solving Eq. (3.100), this work presents the
following effective parameter for small inclusions:
〈µ〉
µ(3)
=
γˆ(1,3)µˆ(1)
√
pi
(
1− c(1))+√c(1) [µˆ(1) (1 + c(1))+ 1− c(1)]
γˆ(1,3)µˆ(1)
√
pi (1 + c(1)) +
√
c(1) [µˆ(1) (1− c(1)) + 1 + c(1)]
, (3.101)
with the nondimensional quantities γˆ(1,3) = γ(1,3) µ
(3)
`
and µˆ(1) = µ
(1)
µ(3)
. According to
the knowledge of the author of this work, no other author presented a result for the
effective modulus, which takes into account a factor describing the bonding quality
between the components.
In the case of perfect bonding, γ(1,3) = 0, Eq. (3.101) is reduced to
lim
γ(1,3)→0
〈µ〉
µ(3)
=
µˆ(1)
(
1 + c(1)
)
+ 1− c(1)
µˆ(1) (1− c(1)) + 1 + c(1) . (3.102)
This result for small inclusion with perfect bonding is well-known (Andrianov et
al. [12, 29], Christensen [57]). The following relation for Eq. (3.102) shall also
be mentioned:
〈µ〉(µˆ(1), c(1)) = 1〈µ〉(1/µˆ(1), c(1)) . (3.103)
The first argument of 〈µ〉( , ) is the ratio of the second Lame´ parameters of the
inclusion and the matrix, the second argument is the volume fraction of the inclusion
material. This relation is mentioned in different papers like [20, 94]. For complete
debonding, Eq. (3.101) becomes:
lim
γ(1,3)→∞
〈µ〉
µ(3)
=
1− c(1)
1 + c(1)
. (3.104)
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This result is equivalent to the case of fibers replaced by holes, and one can state:
lim
γ(1,3)→∞
〈µ〉
µ(3)
= lim
µ(1)→0
〈µ〉
µ(3)
. (3.105)
Example 1: Eq. (3.105) shows, that increasing γˆ(1,3) has a similar effect on the
effective parameter 〈µ〉 as decreasing the modulus of the inclusion material. One
can conclude for a composite with µ(3) < µ(1):
• For small values of γˆ(1,3), one can state:
∂〈µ〉
∂c(1)
∣∣∣∣
γˆ
(1,3)
small
> 0. (3.106)
• If γˆ(1,3) is sufficiently large, the following inequality condition is fulfilled:
∂〈µ〉
∂c(1)
∣∣∣∣
γˆ
(1,3)
large
< 0. (3.107)
• For intermediate (im) values of γˆ(1,3), the function 〈µ〉(c(1))∣∣
γ
(1,3)
im
has a min-
imum.
Figure 3.18 illustrates these effects.
µˆ(1) = 50
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〈µ〉
µ(3)
Figure 3.18.: Influence of bonding and concentration on the effective material
parameter 〈µ〉.
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Example 2: Figure 3.19 presents an example for the influence of bonding on the
effective material parameter 〈µ〉 for an inclusion’s volume fraction of c(1) = 0.1 and
a shear moduli’s ratio of µ(1)/µ(3) = 10. Equation (3.104) shows, that the effective
0.8
0.85
0.9
0.95
1
1.05
1.1
1.15
1.2
0 1 2 3 4 5 6 7 8 9 10
〈µ
〉/
µ
(3
)
γˆ(1,3)
µˆ(1) = 10, c(1) = 0.1
Figure 3.19.: Influence of γ(1,3) on the effective material parameter 〈µ〉.
material parameter reaches the limit
lim
γ(1,3)→∞
〈µ〉
µ(3)
∣∣∣∣
c(1)=0.1
µˆ(1)=10
=
9
11
. (3.108)
3.2.4.3. Long-wave asymptotic approach for large inclusions
When the volume fraction of the inclusion is close to its maximum, c(1) → pi/4, the
investigation of the original problem can be split into analysis of the components of
wave propagation in ζ1- and ζ2-direction. The following approximation is applied (see
Fig. 3.20): In the strips δΩ
(1)
1 (δΩ
(1)
2 ) the variation of local shear stress in ζ1-direction
Ω(1) : inclusion
ε−1`
δΩ
(1)
2
δΩ
(1)
1
δΩ
(1)
2
Ω(3) : matrix
ε−1`
δΩ
(1)
1
ζ1
ζ2
Figure 3.20.: Large inclusion.
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(ζ2-direction) is much bigger than the variation in ζ2-direction (ζ1-direction):
{
µ(1)
∂2u
(1)
3,i
∂ζ21
 µ(1)∂
2u
(1)
3,i
∂ζ22
}∣∣∣∣∣
δΩ
(1)
1
, (3.109a)
{
µ(1)
∂2u
(1)
3,i
∂ζ22
 µ(1)∂
2u
(1)
3,i
∂ζ21
}∣∣∣∣∣
δΩ
(1)
2
. (3.109b)
The approximation is known as the lubrication theory (see Christensen [57] and
Frankel & Acrivos [68]) and has been applied in different works dealing with
composites in the case of perfect bonding between the components. Examples of
studies on this issue are given by articles of Andrianov et al. [11, 18, 19, 24].
3.2.4.4. Inclusion of arbitrary size
The obtained results for the effective parameter 〈µ〉 for small and large inclusions
and for perfect bonding (γ(1,3) = 0) are compared with results obtained by other
authors. In 1910, Voigt [161] and in 1929 Reuss [138] proposed effective material
parameters by the investigation of polycrystals. In 1954, Hill [83] stated that the
results of Reuss and Voigt [161] give the following upper and lower bounds for
〈µ〉:
1
c(1)
µ(1)
+
1− c(1)
µ(3)
≤ 〈µ〉 ≤ µ(1)c(1) + µ(3) (1− c(1)) . (3.110)
These bounds are presented by simple formulas, but they are inexact [50] and “so
far apart for typical composite materials that they are of no practical value” [57]. For
low fiber-concentrations, Christensen [57] derived the formula presented in Eq.
(3.102). An important work in this field is the article of Hashin [75], who presented
the following upper and lower bounds for the effective modulus for µˆ(1) > 1:
µHS1 ≤ 〈µ〉 ≤ µHS2, (3.111)
where
µHS1
µ(3)
= 1 +
c(1)
1
µˆ(1) − 1 +
1− c(1)
2
, (3.112a)
µHS2
µ(3)
= µˆ(1) +
c(1)
1
1− µˆ(1) +
c(1)
2µˆ(1)
. (3.112b)
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After rewriting Eq. (3.112a), it can be shown, that this result is equal to the here
in Eq. (3.104) presented result for small inclusions for perfect bonding, which has
been obtained by the application of the three-phase model.
Another work which shall be mentioned here is Perrins et al. [132], which
analyzes effective transport properties in fiber-reinforced composites. Hashin [76]
and Andrianov et al. [10] mention, that the determination of the transverse
transport properties and the effective shear moduli are mathematically analogous.
Figure 3.21 compares the here obtained results with the result of Perrins et
al. [132] and Hashin’s [76] upper bound for different ratios of the components:
µˆ(1) = 5, 10, 20, 50. For small and intermediate volume fractions of the inclusions,
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Figure 3.21.: Comparison of effective parameter 〈µ〉.
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the differences between the here obtained results for small inclusions and the results
of Perrins et al. [132] are relatively small. For larger volume fractions of the
inclusions, 0 < c(1) ≤ pi/4, the differences between the here obtained results the
results of Perrins et al. [132] become bigger. Andrianov et al. [20] discuss
the disadvantages of the method of Perrins et al. [132] for volume fractions close
to the maximum.
3.2.5. The effect of disordering
Additionally to the assumption of infinite length of the composite, another ideal-
ization is the same composition of all unit cells. These idealized structures lend
themselves to easier analysis by the methods applied herein. The following itemiza-
tion taken from Platts et al. [133] gives examples of irregularities, which can be
taken into account for the investigation of disordered structures:
• The material properties of the inclusions are not equal or some inclusions are
replaced by voids.
• The number of inclusions varies from unit cell to unit cell.
• The geometries of the fibers are different, e.g. the radii vary from fiber to fiber
or several fibers are broken.
• The positions of inclusions vary from unit cell to unit cell, i.e., the inclusions
are not equidistantly distributed.
These disorders occur during the fabrication of the components or during the pro-
duction of the whole composite structure. Consequently, a need for the investigation
of the properties of such heterogeneous media arose to guarantee their efficient use.
For early work in the field of wave propagation in random media, one can refer to
Karal & Keller [92] and Papanicolaou [127], who obtained effective paramet-
ers of disordered structures exhibiting only slight differences from a homogeneous
medium. The influence of disordering in heterogeneous structures is discussed in
Torquato [154]. Therein, different methods such as homogenization of random
problems and different variational principles to obtain a relation between the mi-
crostructure and the macroscopic mechanical properties are discussed. Using the
Rayleigh multipole expansion method, Platts et al. [133] study wave propaga-
tion and frequency bands in disordered stacks with the restriction of waves incident
normally on the stack. Andrianov et al. [20] discuss upper and lower bounds for
the effective material parameters based on the method of “security-spheres“ [95, 155]
and compare them with bounds obtained by Hashin [75]. Maurel et al. [116]
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investigate wave propagation in a one-dimensional structure with small and random
dislocations by three techniques: the quasi-crystalline approximation, the coherent
potential approximation, and a perturbation approach.
In the framework of this thesis, the case of a unit cell with the same external
dimensions and parallel fibers of the same geometry, but with varying positions
within these cells is taken into account. Upper and lower bounds for the effective
material parameters are presented. Imperfect bonding between components is also
considered.
3.2.5.1. Perfect bonding between components
In this section, composites with “shaking geometry” [39] are investigated (see Fig.
3.22): The fibers are randomly distributed in transverse direction. An upper and
`1
`2
x3
x1
x2
Figure 3.22.: Shaking geometry: Irregular distribution of the cross-sections of the
fibers.
a lower bound for the effective parameter 〈µ〉 shall be presented. Following article
[20], the “deviation parameter”
d =
R
Rmax
(3.113)
is introduced (see Fig. 3.23). Here, R is the radius of a circle, in which the center of
the cross-section of a fiber with the radius r(1) is localized. This deviation parameter
can take the following values
0 ≤ d < `− 2r
(1)
`
= dmax. (3.114)
For d = 0 the fiber’s cross-section is localized in the center of the unit cell.
The article of Andrianov et al. [20] sums up the following observations for
the effective parameter 〈µ〉sg of fiber-reinforced composites with shaking geometry:
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• If µˆ(1) = µ(1)/µ(3) > 1 (µˆ(1) < 1), the here presented effective parameter 〈µ〉 for
regular structures gives a lower (an upper) bound for the effective parameter
of the disordered structure (also see Berlyand & Mityushev [39]).
• For µˆ(1) > 1 (µˆ(1) < 1), an upper (a lower) bound for the structure with
shaking geometry can be obtained by evaluating the effective parameter for
inclusions with the radius R + r(1).
R
`
`
r(1)
Figure 3.23.: One unit cell of the structure presented in Fig. 3.22.
Finally, one can state:
for µˆ(1) > 1 : 〈µ〉|
c(1)→(
√
c(1)+d
√
pi/2)
2≥〈µ〉sg≥〈µ〉, (3.115a)
for µˆ(1) < 1 : 〈µ〉|
c(1)→(
√
c(1)+d
√
pi/2)
2≤〈µ〉sg≤〈µ〉. (3.115b)
It should be noted that for small volume fractions of the fiber the upper bound µHS2
of Hashin in Eq. (3.112b) gives better results [20].
3.2.5.2. Imperfect bonding
In this section, the idea of upper and lower bounds for a composite with shaking
geometry is extended by taking into account imperfect bonding. When the bonding
factor γˆ(1,3) becomes larger, Eqs. (3.115) do not provide correct upper and lower
bounds for the disordered structure, because for large values of γˆ(1,3) and for µˆ(1) > 1
the effective parameter 〈µ〉sg might be lower than the shear modulus µ(3) of the
matrix. This effect is illustrated in Fig. 3.18. The following procedure provides
upper and lower bounds for a disordered structure:
1. The original problem is replaced by a problem of the same geometry and
the same matrix material, but the shear modulus of the inclusion is replaced
by µ(1)
new
, and perfect bonding between the components is assumed. The new
parameter µˆ(1)new = µ
(1)
new/µ
(3) is chosen in such a way that the effective parameter
〈µ〉 of both the original and the replacement structure are identical.
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2. The second step is to compare if µˆ(1)new ≤ µˆ(1) or µˆ(1)new > µˆ(1). After replacing
(µ(1), γˆ(1,3) 6= 0) → (µ(1)new, γˆ(1,3) = 0),
condition (3.115) gives upper and lower bounds for the effective parameter
〈µ〉.
The author presents a procedure to obtain bounds for the effective material para-
meters of irregular structures. While Andrianov et al. [20] obtained results for
perfect bonding, this work introduces a solution for problems considering imperfect
bonding. Other results in this field are not found by the author.
Example: A composite consisting of an aluminum matrix (µ(3) = 25.5 GPa) and
steel fibers (µ(1) = 79.3 GPa) with the volume fraction of c(1) = 0.1 is considered.
Bonding between the matrix and the inclusions is considered to be imperfect. The
distribution of the fibers is irregular and described by the deviation parameter 0 ≤
d ≤ 0.2 < dmax. This composite is replaced by a structure of the same geometry
with the same matrix material, but the steel inclusion is replaced by a material with
the effective shear modulus µˆ(1)new = µ
(1)
new/µ
(3). Bonding between the matrix and the
new inclusion material is considered to be perfect. Both the input problem and the
replacement structure have the same effective shear modulus. From Eqs. (3.101)
and (3.102) one can conclude:
µˆ(1)new =
µˆ(1)
√
c(1)
γˆ(1,3)µˆ(1)
√
pi +
√
c(1)
. (3.116)
Figure 3.24 illustrates the upper and lower bounds for the here considered problem.
All curves intersect in one point. For γˆ(1,3) ≥ γˆ(1,3)inter , the functions of the previ-
ously upper bounds become the lower bounds, and vice-versa, the functions of the
previously lower bounds become the upper bounds.
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Figure 3.24.: Upper and lower bounds for a fiber-reinforced composite with shaking
geometry.
3.3. Discussion
This chapter illustrates that relatively simple problems of wave propagation in com-
posites can be treated exactly. These exact results provide the basis for the evalu-
ation of the performance of approximation techniques. These approximation tech-
niques find their application when exact treatment of a governing problem is too
complex or not possible.
The application of the PWEM is limited to problems with material parameters
of slight differences. This is also the reason why the analysis of problems of a thin
interphase or imperfect bonding with the PWEM is restricted to bonding conditions
close to perfect bonding.
Numerous books and articles have proven the applicability of the AHM for the
investigation of composites with elastic components. This work takes into account
imperfect bonding. Both methods, the introduction of an artificial interphase and
the methods of describing imperfect bonding directly by boundary conditions at
the interface, can be treated by the AHM to obtain homogenized wave equations of
different orders.
The here presented results lead to the following new questions and challenges
• The analyzed structures are idealized and assumed to be of infinite length.
Considering such an idealized structure can lead to results which sufficiently
approximate a real problem, for example when the number of unit cells is
large. Considering the finite lengths is one of the next proposed challenges.
• In this thesis, wave propagation in fiber-reinforced structures is restricted to
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layered composites and anti-plane shear wave propagation perpendicular to the
fiber orientation. Propagation of longitudinal and shear waves in arbitrary
directions within the heterogeneous structure is one of the next challenges
which arise from the here presented results.
• While this work is restricted to the analysis of layered structures and compos-
ites with parallel fibrous inclusions, other kinds of inclusions such as spherical
inclusions, particles, or fibers with different orientations can be taken into
account.
• This thesis considers just a few effects of irregularities and raises the question
of the influence of irregular bonding conditions on the macroscopic properties
of the heterogeneous structure.
• The stress distribution of composites in their installed conditions is important
for the determination of their acoustic properties. For a detailed discussion of
this topic, the reader is referred to Secs. 5.2 and 5.3.
4. Wave propagation in nonlinear
elastic material
This chapter deals with the propagation of longitudinal waves in x1-direction through
the layered structure presented in Fig. 3.1 considering physical and geometrical
nonlinear behavior. Different bonding conditions are taken into account.
4.1. Longitudinal waves in a layered composite
The strain energy density function denoted as the Murnaghan potential of compon-
ent Ω(m) becomes
W (m) =
1
2
λ(m)ε2ii+µ
(m)ε2ij +
1
3
A(m)εijεikεjk+B
(m)εiiε
2
ij +
1
3
C(m)ε3ii+O
(
ε4ij
)
, (4.1)
where λ(m) and µ(m) are the Lame´ parameters, and A(m), B(m), and C(m) are the
Landau parameters. Equation (2.53) provides the following wave equation for com-
ponent Ω(m):
α(m)
∂2u
(m)
1
∂x21
+ β(m)
∂u
(m)
1
∂x1
∂2u
(m)
1
∂x21
= ρ(m)
∂2u
(m)
1
∂t2
, (4.2)
with the density ρ(m), the longitudinal displacement u
(m)
1 = u
(m)
1 (x1, t), and the
material parameters
α(m) = λ(m) + 2µ(m), β(m) = 3α(m) + 2
(
A(m) + 3B(m) + C(m)
)
. (4.3)
According to Eq. (2.48), the stress tensor p
(m)
ij of component Ω
(m) is obtained by
the relation
p
(m)
ij =
∂W (m)
∂
(
∂u
(m)
i
∂xj
) , (4.4)
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so that the longitudinal stress in component Ω(m) becomes:
p
(m)
11 = α
(m)∂u
(a)
1
∂x1
+
β(m)
2
(
∂u
(m)
1
∂x1
)2
. (4.5)
At the interface ∂Ω
(m,m+1)
± , bonding is considered to be perfect and described by
conditions {
α(m)
∂u
(m)
1
∂x1
+
β(m)
2
(
∂u
(m)
1
∂x1
)2
= α(m+1)
∂u
(m+1)
1
∂x1
+
β(m+1)
2
(
∂u
(m+1)
1
∂x1
)2

∣∣∣∣∣∣
∂Ω
(m,m+1)
±
.
(4.6)
and {
u
(m+1)
1 = u
(m)
1
}∣∣∣
∂Ω
(m,m+1)
±
. (4.7)
The exact analysis of periodic structures considering nonlinearity is difficult so that
the AHM is applied to investigate their properties.
4.1.1. Long-wave asymptotic approach by the higher-order
homogenization method
A small parameter  = `/L and fast and slow coordinate variables are introduced
which are also related by this small parameter: x1 = y1, ζ1 = 
−1y1. The displace-
ment is presented as an asymptotic expansion in powers of this small parameter,
u
(m)
1 = 
0u
(m)
1,0 + 
1u
(m)
1,1 + . . . . The concept of the AHM is described in Sec. 3.1.3 in
detail.
Together with Eqs. (3.23) - (3.27), wave Eq. (4.2) can be rewritten in the notation
of slow and fast coordinate variables in the following way:
α(a)
(
∂2u
(a)
1,i−2
∂y21
+ 2
∂2u
(a)
1,i−1
∂y1∂ζ1
+
∂2u
(a)
1,i
∂ζ21
)
+ β(a)
i−1∑
m=0
(
∂u
(a)
1,m
∂y1
+
∂u
(a)
1,m+1
∂ζ1
)(
∂2u
(a)
1,i−m−2
∂y21
+ 2
∂2u
(a)
1,i−m−1
∂y1∂ζ1
+
∂2u
(a)
1,i−m
∂ζ21
)
= ρ(a)
∂2u
(a)
1,i−2
∂t2
.
(4.8)
All terms in Eq. (4.8) are of the same asymptotic order. Conditions (4.6), describing
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the quality of stresses at the boundary between components, becomes:{
α(m)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)
+
β(m)
2
i−1∑
k=0
(
∂u
(m)
1,k
∂y1
+
∂u
(m)
1,k+1
∂ζ1
)(
∂u
(m)
1,i−k−1
∂y1
+
∂u
(m)
1,i−k
∂ζ1
)
= α(m+1)
(
∂u
(m+1)
1,i−1
∂y1
+
∂u
(m+1)
1,i
∂ζ1
)
+
β(m+1)
2
i−1∑
k=0
(
∂u
(m+1)
1,k
∂y1
+
∂u
(m+1)
1,k+1
∂ζ1
)(
∂u
(m+1)
1,i−k−1
∂y1
+
∂u
(m+1)
1,i−k
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
.
(4.9)
Bonding condition (4.7) reads:{
u
(m+1)
1,i = u
(m)
1,i
}
∂Ω
(m,m+1)
±
. (4.10)
The problem is considered within the unit cell in Fig. 3.6. Considering periodicity
condition (3.26), the stresses and displacements at the outer boundaries of this cell
are coupled by conditions{
α(n)
(
∂u
(n)
1,i−1
∂y1
+
∂u
(n)
1,i
∂ζ1
)
+
β(n)
2
i−1∑
k=0
(
∂u
(n)
1,k
∂y1
+
∂u
(n)
1,k+1
∂ζ1
)(
∂u
(n)
1,i−k−1
∂y1
+
∂u
(n)
1,i−k
∂ζ1
)}∣∣∣∣∣
∂Ω
(n,n)
−
=
{
α(n)
(
∂u
(n)
1,i−1
∂y1
+
∂u
(n)
1,i
∂ζ1
)
+
β(n)
2
i−1∑
k=0
(
∂u
(n)
1,k
∂y1
+
∂u
(n)
1,k+1
∂ζ1
)(
∂u
(n)
1,i−k−1
∂y1
+
∂u
(n)
1,i−k
∂ζ1
)}∣∣∣∣∣
∂Ω
(n,n)
+
(4.11)
and
u
(n)
1,i
∣∣∣
∂Ω
(n,n)
−
= u
(n)
1,i
∣∣∣
∂Ω
(n,n)
+
. (4.12)
The goal of the application of the AHM is to obtain a recurrent system of equations,
which allows to determine homogenized wave equations of different orders. The
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application of the averaging operator (3.36) over the unit cell domain Ω0 =
n∑
m=1
Ω(m),
together with Eq. (4.9), leads to the following homogenized wave equation of the
order O(i−2) (see Sec. B.1 in the appendix):
1
ε−1`
∫
Ω0
α(m)
(
∂2u
(m)
1,i−2
∂y21
+
∂2u
(m)
1,i−1
∂y1∂ζ1
)
+ β(m)
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(
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k−2
∂y21
+
∂u
(m)
1,k
∂y1
3
2
∂2u
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∂y1∂ζ1
− 1
2
∂2u
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1,k
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1
2
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∂y1
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∂ζ21
− 1
2
∂2u
(m)
1,k
∂y1∂ζ1
∂u
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1,i−k
∂ζ1
+
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k−2
∂y21
+
∂u
(m)
1,k+1
∂ζ1
3
2
∂2u
(m)
1,i−k−1
∂y1∂ζ1
− 1
2
∂2u
(m)
1,k+1
∂ζ21
∂u
(m)
1,i−k−1
∂y1
+
1
2
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k
∂ζ21
− 1
2
∂2u
(m)
1,k+1
∂ζ21
∂u
(m)
1,i−k
∂ζ1
)
dζ1 =
1
ε−1`
∫
Ω0
ρ(m)
∂2u
(m)
1,i−2
∂t2
dζ1, (4.13)
where i = 1, 2, 3, . . . , u
(m)
1,−1 = 0. This original result has been obtained by the author
of this work in [16, 26].
Studies obtaining homogenized material parameters for linear problems and per-
fect bonding are already known. By taking into account nonlinearity and applying
the AHM, homogenized wave equations for nonlinear problems are obtained. Fol-
lowing the example in Sec. 3.1.3, higher-order term of the nonlinear homogenized
wave equations can be determined. This opens the door for the analysis of different
effects of wave propagation in heterogeneous materials considering nonlinearity.
Example: A layered periodic composite consisting of the two nonlinear elastic com-
ponents Ω(1) and Ω(2) is considered. Perfect bonding is assumed. The homogenized
wave equation of the order O(0) is derived. An equation for the first correction
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term of the displacements can be obtained by substitution of i = 1 into Eq. (4.8):
α(m)
(
∂2u
(m)
1,−1
∂y21
+ 2
∂2u
(m)
1,0
∂y1∂ζ1
+
∂2u
(m)
1,1
∂ζ21
)
+ β(m)
(
∂u
(m)
1,0
∂y1
+
∂u
(m)
1,1
∂ζ1
)(
∂2u
(m)
1,−1
∂y21
+ 2
∂2u
(m)
1,0
∂y1∂ζ1
+
∂2u
(m)
1,1
∂ζ21
)
= ρ(m)
∂2u
(m)
1,−1
∂t2
.
(4.14)
Bearing in mind, that u
(m)
1,−1 = 0, u1,0 = u1,0(y1), and u
(m)
1,i>0 = u
(m)
1,i>0(y1), Eq. (4.14)
becomes
∂2u
(a)
1,1
∂ζ2
= 0 ⇔ u(k)1,1 =
(
a(k) + b(k)ζ1
) ∂u1,0
∂y1
. (4.15)
The constants in Eq. (4.15) are chosen in such a way that the conditions in Eqs.
(3.35), (4.3), (4.9), (4.11), and (4.12) are fulfilled. Together with these constants,
substitution of Eq. (4.15) into the Eq. (4.13) for i = 2 gives the following homo-
genized wave equation of the order O(0) (see Sec. B.2 in the appendix):
〈α〉0∂
2u1,0
∂y21
+ 〈β〉0∂u1,0
∂y1
∂2u1,0
∂y21
= 〈ρ〉0∂
2u1,0
∂t2
, (4.16)
where
〈α〉0 = α
(1)α(2)`
α(2)`(1) + α(1)`(2)
,
〈β〉0 = Z1`
2 (α(2)`(1) + α(1)`(2))
3 ,
〈ρ〉0 =
(
ρ(1)`(1) + ρ(2)`(2)
)
/`.
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Z1 = 2
[
α(2)
]3
β(1)
[
`(1)
]2
+ α(1)
[
α(2)
]2
β(1)`(1)`(2) +
[
α(2)
]3
β(1)`(1)`(2)
+ 2
[
α(1)
]3
β(2)
[
`(2)
]2
+
[
α(1)
]2
α(2)β(2)`(1)`(2) +
[
α(1)
]3
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One can state:
`(m) → ` ⇒


〈α〉0 → α(m),
〈β〉0 → β(m),
〈ρ〉0 → ρ(m).
(4.17)
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In the case of β(1) = β(2) = 0, the here considered problem becomes linear elastic,
and Eq. (4.16) becomes similar to Eq. (3.40).
4.2. The effect of imperfect interface
In Sec. 3.1.4, the effect of imperfect bonding is discussed for linear problems. A
proportionality constant γ(m,m+1) denoted as the bonding factor is introduced to give
a relation between the difference in displacement and the stress. In this section,
this relation is assumed to be nonlinear. Such a condition models the behavior
of imperfect bonding in a more realistic way than the linear displacement-stress
relation: {
±
(
u
(m+1)
1 − u(m)1
)
=
∑
i=1
γ
(m,m+1)
ni
[
p
(m)
11
]i}∣∣∣∣∣
∂Ω
(m,m+1)
±
. (4.18)
After substitution of the Eq. (4.5) and collecting the terms ∂u
(m)
1 /∂x1, Eq. (4.18)
can be rewritten as:
±
(
u
(m+1)
1 − u(m)1
)
=
∑
i=1
γ¯
(m,m+1)
ni
(
∂u
(m)
1
∂x1
)i

∣∣∣∣∣∣
∂Ω
(m,m+1)
±
. (4.19)
where the constants γ¯
(m,m+1)
ni consist of the bonding constants and material para-
meters
γ¯
(m,m+1)
n1 =γ
(m,m+1)
ni α
(a), (4.20a)
γ¯
(m,m+1)
n2 =
(
γ
(m,m+1)
n1
β(m)
2
+ γ
(m,m+1)
n2
[
α(m)
]2)
, (4.20b)
...
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4.2.1. Long-wave asymptotic approach by the higher-order
homogenization method
The AHM is applied for the analysis of layered structures with imperfect bonding.
Equation (4.19) can be rewritten in terms of fast and slow coordinates as follows:
{
±
(
u
(m+1)
1,i − u(m)1,i
)
= γ¯
(m,m+1)
n1
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)
+ γ¯
(m,m+1)
n2
i−1∑
k=0
(
∂u
(m)
1,k
∂y1
+
∂u
(m)
1,k+1
∂ζ1
)(
∂u
(m)
1,i−k−1
∂y1
+
∂u
(m)
1,i−k
∂ζ1
)
+ . . .
}∣∣∣∣∣
∂Ω
(m,m+1)
±
.
(4.21)
Example: In this example, the homogenized wave equation of the order O(0) for
a layered composite consisting of the nonlinear elastic components Ω(1) and Ω(2)
is considered. Bonding between these components is assumed to be imperfect and
nonlinear. After neglecting terms (∂u
(m)
1 /∂x1)
l≥3, for i = 1 Eq. (4.21) becomes{
±
(
u
(2)
1,1 − u(1)1,1
)
= γ¯
(1,2)
n1
(
∂u
(1)
1,0
∂y1
+
∂u
(1)
1,1
∂ζ1
)
+ γ¯
(2)
n2
(
∂u
(1)
1,0
∂y1
+
∂u
(1)
1,1
∂ζ1
)2

∣∣∣∣∣∣
∂Ω
(1,2)
±
.
(4.22)
The constants in Eq. (4.15) are determined in such a way that conditions (4.8),
(4.10) - (4.12), and (4.22) are fulfilled. Substitution of Eq. (4.15) into wave Eq.
(4.13) for i = 2 leads to the following homogenized wave equation of the order
O(0):
〈α〉0∂
2u1,0
∂y21
+ 〈β〉0∂u1,0
∂y1
∂2u1,0
∂y21
= 〈ρ〉0∂
2u1,0
∂t2
(4.23)
where
〈α〉0 = α
(1)α(2)`
α(2)`(1) + α(1)`(2) − 2γ(1,2)1 α(1)α(2)
,
〈β〉0 = (Z1 + Z2 + Z3) `
2 (α(2)`(1) + α(1)`(2))
3 ,
〈ρ〉0 =
(
ρ(1)`(1) + ρ(1)`(1)
)
/`,
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with
Z1 = 2
[
α(2)
]3
β(1)
[
`(1)
]2
+ α(1)
[
α(2)
]2
β(1)`(1)`(2) +
[
α(2)
]3
β(1)`(1)`(2)
+ 2
[
α(1)
]3
β(2)
[
`(2)
]2
+
[
α(1)
]2
α(2)β(2)`(1)`(2) +
[
α(1)
]3
β(2)`(1)`(2),
Z2 = 2α
(1)α(2)
([
α(2)
]2
β(1)`(1) +
[
α(1)
]2
β(2)`(2)
)
γ
(1,2)
1 ,
Z3 = −4
[
α(1)α(2)
]2
γ
(1,2)
2 `.
For γ
(1,2)
n1 = γ
(1,2)
n2 = 0, wave Eq. (4.23) becomes wave Eq. (4.16) for perfect bonding.
For β(1) = β(2), Eq. (4.23) reduces to Eq. (3.56).
This result has been obtained by the author of this thesis in [16]. While articles
with results for 〈α〉0 for the case of perfect bonding exist, to the knowledge of the
author of this work there are no other articles or books presenting results for 〈β〉0,
neither for the case of perfect bonding nor for the case of imperfect bonding.
4.3. Discussion
The importance of the analysis of nonlinearity for wave propagation is outlined in
the introducing part of this chapter. Different works came up which are occupied
with this investigation of this topic. Inter alia, the important works of Lur’e
[113], Samsonov [142], and Porubov [136] have to be mentioned. Rushchitsky
[139, 140] andCattany & Rushchitsky [50] (together with their works mentioned
within this book) discuss different models to describe wave propagation in composite
structures, such as the theory of elastic mixtures.
This chapter deals with the application of the AHM and proofs that this technique
can be successfully applied for the investigation of wave propagation when different
kinds of nonlinearity are taken into account. The heterogeneous original problem is
replaced by a homogenized one with equivalent mechanical properties. This homo-
genized result allows to investigate the influence of different kinds of nonlinearities
on the properties of the whole compostite. In [17], localization of nonlinear elastic
waves in 1D periodic composites is investigated. The investigation of the phase ve-
locity, the amplitude, the shape of the wave, and different other effects in nonlinear
composites are easier to handle with known homogenized properties of the structure.
Some further ideas of the application of the here presented results are discussed in
Sec. 3.3. Andrianov et al. [8] give a first step to generalize the here obtained
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results by considering a nonlinear wave equation in the form
n1
∂2u
(m)
1
∂x21
+ n2
∣∣∣∣∣∂u
(m)
1
∂x1
∣∣∣∣∣
n3
∂2u
(m)
1
∂x21
= n4
∂2u
(m)
1
∂t2
, (4.24)
where n1,n2, n3, and n4 are constants. The nonlinear wave Eq. (4.2) is equivalent
to the case of n3 = 1. For |n3|  1 the “small delta approach” [8], based on the
consideration of Bender et al. [36] can be applied. The case of n1 → 0 is studied
by Andrianov et al. in [8].
Andrianov et al. [27] apply the here presented results for further research in
this field.
5. Viscoelastic composite materials
For many applications, the history of loading has an influence on the mechanical
properties, and therefore, the analysis of these properties gained attraction. This
chapter deals with the analysis of composites with linear viscoelastic components.
The first part of this chapter continues the investigation of wave propagation. There-
fore, the Floquet-Bloch approach, the PWEM, and the AHM are applied. It is
assumed, that stresses are only caused by wave propagation. Interaction between
viscoelastic effects and imperfect bonding is also investigated. The second part in-
vestigates force and stress distribution in composites in consequence of a loaded
fiber.
5.1. Longitudinal waves in a viscoelastic layered
composite
This section investigates wave propagation in layered and periodic composites (see
Fig. 3.1) with viscoelastic components and different bonding conditions. The cor-
responding wave equation for component Ω(m) reads
E˜(m)(ω)
∂2u
(m)
1
∂x21
= ρ(m)
∂2u
(m)
1
∂t2
, (5.1)
where E˜(m)(ω) is the complex modulus. In the case of perfect bonding, Eqs. (3.2)
and (3.3) give the following boundary conditions:{
u
(m)
1 = u
(m+1)
1
}∣∣∣
∂Ω
(m,m+1)
±
, (5.2a)
{
E˜(m)(ω)
∂u
(m)
1
∂x1
= E˜(m+1)(ω)
∂u
(m+1)
1
∂x1
}∣∣∣∣∣
∂Ω
(m,m+1)
±
. (5.2b)
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In the case of imperfect bonding, Eq. (5.2a) is replaced by{
±
(
u
(m+1)
1 − u(m)1
)
= γ(m,m+1)
(
E˜(m)(ω)
∂u
(m)
1
∂x1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
. (5.3)
5.1.1. Exact solution of the harmonic band structure by the
Floquet-Bloch approach
Analogous to Sec. 3.1.1, the analysis of the layered structure with viscoelastic
components together with boundary conditions (5.2), leads to an exact solution of
the governing dispersion relation:
cos(kˆ) = cos(ωˆc(1)) cos
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
− 1
2
(
z(1)(ωˆ)
z(2)(ωˆ)
+
z(2)(ωˆ)
z(1)(ωˆ)
)
sin(ωˆc(1)) sin
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
,
(5.4)
where kˆ = k`, ωˆ = ω`/v(1), z(m)(ωˆ) =
√
E˜(m)(ωˆ) ρ(m), and v(m)(ωˆ) =
√
E˜(m)(ωˆ)/ρ(m).
In the case of imperfect and symmetric bonding, the dispersion relation (3.52)
can be modified to
cos(kˆ) = cos(ωˆc(1)) cos
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
− 1
2
(
z(1)(ωˆ)
z(2)(ωˆ)
+
z(2)(ωˆ)
z(1)(ωˆ)
)
sin(ωˆ c(1)) sin
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
,
− ωˆ γˆ(1,2)(ωˆ)
[
sin(ωˆ c(1)) cos
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
+
z(2)
z(1)
sin
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
cos(ωˆc(1))
]
+
1
2
z(2)
z(1)
[
ωˆ γˆ(1,2)(ωˆ)
]2
sin(ωˆ c(1)) sin
(
ωˆ c(2) v(1)(ωˆ)
v(2)(ωˆ)
)
,
(5.5)
where γˆ(1,2) = γ(1,2) E˜(1)(ω˜)/`.
The are no works known to the author of this work, which discuss the influence of
different bonding conditions on the dispersion relation, neither in the linear elastic
nor in the viscoelastic case. This thesis gives a first step to close this gap.
Example: Wave propagation through a layered composite consisting of the peri-
odically repeated materials Ω(1) and Ω(2) is investigated. Component Ω(1), steel,
is considered to be sufficiently described by linear elastic behavior, while compon-
ent Ω(2), polyethylene, is considered to be viscoelastic. Six different parameter sets
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(“para 1”,. . . , “para 6”) for the matrix and the bonding conditions are taken into
account and compared with the case of linear elasticity and perfect bonding (“para
0”). The simplest model to describe a viscoelastic solid is the Kelvin-Voigt material
model : a spring representing the elastic behavior with the Young’s modulus E par-
E
σ σ
η
Figure 5.1.: Kelvin-Voigt material model.
allel to a dashpot representing the viscous behavior with the viscosity η (see Fig.
5.1). The complex modulus of such a model reads
E˜(2)(ω) = E + jωη, (5.6)
or, in notation of the nondimensional quantities, ωˆ = ω`/v(1) and η¯ = η/(z(1)`),
E˜(2)(ω) = E + jω¯η¯E(1).
The material parameters are:
Ω(1) : steel E(1) = 210 GPa ρ(1) = 7870 kg/m
3
c(1) = 0.2
Ω(2) : polyethylene E(2)(ω) = E + jω¯η¯E(1) ρ(2) = 910 kg/m
3
[59] c(2) = 0.8
parameter set para 0 para 1 para 2 para 3 para 4 para 5 para 6
E [GPa] 0.14 0.14 0.14 0.14 0.14 0.14 0.14
γˆ(1,2) 0 0 0 0 50 150 250
ηˆ 0 1 · 10−5 7 · 10−5 14 · 10−5 14 · 10−5 14 · 10−5 14 · 10−5
Figure 5.2 presents the dispersion relations for different values of η and γˆ(1,2).
Positive values for the wave number kˆ = k` represent its real part kˆR(ωˆ), the
dispersion curves, and negative values represent the attenuation factors−kˆI(ωˆ). The
influence of the viscous part of the material on the frequency band structure has
also been discussed by Shul’ga [146, 147]. For perfect bonding, the gaps between
the dispersion curves are closed with increasing viscosity. The differences between
neighboring local minima and maxima for the attenuation factors kˆI become smaller
with increasing viscosity. The dispersion and the attenuation curves change their
shapes, but stay in the same positions. This effect is illustrated in Fig. 5.3.
Figure 5.4 shows the superposition of the effects of imperfect bonding and vis-
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Figure 5.2.: Frequency band structure of composites with viscoelastic components
for perfect bonding.
coelasticity: With an increasing bonding factor γ¯(1,2), the frequency bands move
closer together.
Figures 5.5 and 5.6 illustrate the effect of increasing viscosity on the formation
of frequency bands for different configurations of a steel-polymer composite (0 ≤
c(1) ≤ 1) and perfect bonding between the components. The effect of an increasing
bonding factor γˆ(1,2) on the frequency bands is presented in Figs. 5.7 and 5.8.
5.1.2. Short-wave solution by the plane-wave expansions method
In Secs. 3.1.2 and 3.1.4.2, the application of the PWEM for problems with linear-
elastic components is discussed for perfect and imperfect bonding. In the viscoelastic
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0 0.2 0.4 0.6 0.8 1ωˆ
1 · 10−4
2 · 10−4
ηˆ
pi
kˆI
Figure 5.3.: Dispersion curves and attenuation factors for perfect bonding and
increasing viscosity of the Kelvin-Voigt material model: The curves change their
shape, but not their positions.
case, the Fourier series expansion of the complex modulus becomes:
E˜(x1, ω) =
∞∑
m=−∞
E˜m(ω) exp
(
j
2pi
`
mx1
)
, (5.7a)
where E˜m(ω) =
1
`
∫
Ω0
E˜(x1, ω) exp
(
−j 2pi
`
mx1
)
dx1. (5.7b)
The expansion for the density is given in Eq. (3.20). Substitution of Eqs. (3.17),
(3.18), (3.20), and (5.7a) into wave Eq. (2.25) gives the following system of equa-
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Figure 5.4.: Frequency band structure of composites with viscoelastic components
and different bonding conditions.
tions:
∞∑
m=−∞
Um
[
E˜n−m(ω)
(
2pi
`
m+ k
)(
2pi
`
n+ k
)
− ρ˜n−mω2
]
= 0. (5.8)
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Figure 5.5.: Dispersion curves for the layered steel-polymer combination with per-
fect bonding between the components and different viscosities of the Kelvin-Voigt
material model.
5.1.3. Long-wave asymptotic approach by the higher-order
homogenization method
In previous chapters, the AHM is applied to linear and nonlinear problems. In this
section, this method is also discussed for the investigation of viscoelastic problems.
Introducing a small parameter  = `/L, the fast and slow coordinate variables ζ1 and
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Figure 5.6.: Attenuation factors for the layered steel-polymer combination with
perfect bonding between the components and different viscosities of the Kelvin-
Voigt material model.
y1, and the expansion of the displacement u
(m)
1 in powers of  leads to the following
wave equation of different orders:
E˜(m)(ω)
(
∂2u
(m)
1,i−2
∂y21
+ 2
∂2u
(m)
1,i−1
∂y1∂ζ1
+
∂2u
(m)
1,i
∂ζ21
)
= ρ(m)
∂2u
(m)
1,i−2
∂t2
. (5.9)
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Figure 5.7.: Dispersion curves for the layered steel-polymer combination with per-
fect and imperfect bonding between the components.
The boundary conditions in Eqs. (5.2) describing perfect bonding become:{
u
(m)
1,i = u
(m+1)
1,i
}∣∣∣
∂Ω
(m,m+1)
±
, (5.10a)
{
E˜(m)(ω)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)
= E˜(m+1)(ω)
(
∂u
(m+1)
1,i−1
∂y1
+
∂u
(m+1)
1,i
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
, (5.10b)
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Figure 5.8.: Attenuation factors for the layered steel-polymer combination with
perfect and imperfect bonding between the components.
Analogous to Sec. 3.1.3, the homogenized wave equations of the order O(i) for
layered composites with viscoelastic components is determined to:
〈E˜(ω)〉0∂
2u1,0
∂y21
+ 〈E˜(ω)〉2∂
4u1,0
∂y41
+ · · ·+ 〈E˜(ω)〉i∂
i+2u1,0
∂yi+21
= 〈ρ〉0∂
2u1,0
∂t2
. (5.11)
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For a two-component composite built up of the layers Ω(1) and Ω(2) the effective
parameters are
〈E˜(ω)〉0 = E˜
(1)(ω) E˜(2)(ω)`
E˜(1)(ω) `(2) + E˜(2)(ω) `(1)
, (5.12a)
〈E˜(ω) 〉2 =
[
`(1)`(2)
]2
12`2
[
E˜(1)(ω) ρ(1) − E˜(2)(ω) ρ(2)
]2
〈E˜(ω)〉30[
E˜(1)(ω) E˜(2)(ω) 〈ρ〉0
]2 , (5.12b)
...
In the case of imperfect and symmetric bonding between the components, Eq.
(5.10b) is replaced by{
±
(
u
(m+1)
1,i − u(m)1,i
)
= γ(m,m+1)E˜(m)(ω)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)}∣∣∣∣∣
∂Ω
(m,m+1)
±
, (5.13)
and the effective material parameters in the homogenized wave Eq. (5.9) become
(see Eqs. (3.58) and (3.60))
〈E(ω)〉0 = E˜
(1)(ω) E(2)(ω) `
E˜(1)(ω) `(2) + E˜(2)(ω) `(1) + 2E˜(1)(ω) E˜(2)(ω) γ(1,2)
, (5.14a)
〈E˜(ω)〉2 =
3∑
i=0
Zi(ω)
[
γ(1,2)
]i
N1
, (5.14b)
...
5.2. Load-transfer in fiber-reinforced composites
In previous sections, the assumptions has been made that changes in stress and strain
are only related to wave propagation in the composite. The stress-strain state of
the composite in the installed condition has been neglected. For papers taking into
account prestress the papers of Parnell [129, 130], Parnell & Adams [131], and
Rogerson & Sandiford [157, 158] can be mentioned. Zhuk & Guz [165] discuss
the influence of initial stress on the velocities of plane wave propagation in layered
nanocomposites. In this article, components of the composites are assumed to be
nonlinear elastic and described by the Murnaghan potential.
Most articles which deal with the analysis of wave propagation in prestressed com-
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posites assume that the stress distribution is already known or simplified to uniform
distribution within the components. Consequently, the need for analytical investig-
ation of load transfer and stress distribution in composites came up. The article of
Melan [117] is one of the first articles to deal with this problem. Melan studies
load transfer from a fiber of infinite length, which is located in an infinite matrix.
Examples for variations of this problem can be found in Koiter [100], who invest-
igate load transfer in a semi-infinite fiber, and in Erdogan & Gupta [62], who
take into account a fiber of finite length. Asymptotic approaches in the analytical
study of 2D problems of load transfer in linear elastic composite materials are for
example carried out by Andrianov & Danishevs’kyy [9, 21] and Andrianov
et al. [19, 28]. Antipov & Arutiunian [33] consider load diffusion in a longit-
udinal and transversely loaded fiber by taking into account friction between fiber
and matrix. A three-dimensional variation of Melan’s problem in which a thin
interphase between a loaded fiber and the matrix is taken into account and stress
distribution is determined, can be found in Lenci [108] and Lenci & Menditto
[109]. A modification of this problem to load transfer from a single fiber into a
half-space is considered in Andrianov et al. [22, 23].
This section is devoted to the investigation of load transfer in a composite with
viscoelastic components. After installation of the composite, mechanical loading
is applied to the structure. Many fiber-reinforced composites consist of carbon or
metal fibers and a polymer matrix, so that the change of the state of load and stress
with time can be significant for the behavior of a propagating wave. In [31, 32], load
diffusion in a fiber-reinforced composite is studied by the author of this thesis, where
the behavior of the fiber is assumed to be linear elastic and the matrix viscoelastic.
5.2.1. Load-diffusion in a fiber-reinforces composite:
two-dimensional problems
In the 1931, Melan [117] introduced a problem of stress transfer from a loaded
fiber to the surrounding matrix. The fiber is a one-dimensional continuum of infinite
length in x2-direction with the cross-sectional area A and the Young’s modulus E
(1).
The matrix is considered to be a two-dimensional continuum of spatial infinity in x1-
and x2-direction with the thickness h, the Young’s modulus E
(2), and the Poisson’s
ratio ν(2). In the origin of the coordinate system, a force P in (−x2)-direction is
applied (see Fig. 5.9). In 1968, Muki & Sternberg [121] proposed a solution for
the fiber force T (x2), which is based on the exponential Fourier transform (also see
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x1
P
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matrix
x1
fiber
Figure 5.9.: Melan’s Problem: loaded fiber of infinite length in a matrix of spatial
infinity in x1- and x2-direction (this picture can be found in [32]).
[28]),
T (x2) = −P
2
{
cos(λx2)
[
1− 2
pi
Si(λx2)
]
+
2
pi
sin(λx2)Ci(λx2)
}
, (5.15)
where
λ =
4E(2)h
(3− ν(2))(1 + ν(2))E(1)A. (5.16)
Si(·) and Ci(·) are the sine integral and the cosine integral defined as [45]:
Si(x2) =
x2∫
0
sin ξ
ξ
dξ,
Ci(x2) = γe + ln x2 +
x2∫
0
cos ξ − 1
ξ
dξ,
(5.17)
with the Euler constant γe = 0.5772156649... [2].
Now the case is considered, that the linear elastic matrix material is replaced by
a linear viscoelastic one. Applying the correspondence principle, the linear elastic
parameters can be replaced by their viscoelastic counterparts in the Laplace domain
s¯ [67]. Following Eqs. (2.78), the Young’s modulus and the Poisson’s ratio of the
matrix material are replaced by:
E(2) → E¯(2), ν(2) → ν¯(2). (5.18)
The load P is supposed to be applied at t = 0,
Pt(t) = P ·Θ(t), (5.19)
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where Θ(t) is unit step function. Using the Laplace transform, the fiber load in the
s-domain becomes
L (P ·Θ(t)) = P
s¯
, (5.20)
and the viscoelastic counterpart of Eq. (5.15) can be rewritten as
T¯ (x2, s¯) = −P
2s¯
{
cos(λ¯x2)
[
1− 2
pi
Si(λ¯x2)
]
+
2
pi
sin(λ¯x2)Ci(λ¯x2)
}
, (5.21)
where
λ¯ =
4E¯(2)h
(3− ν¯(2))(1 + ν¯(2))E(1)A. (5.22)
Example: A steel fiber of infinite length in an infinite epoxy resin matrix is con-
sidered. The fiber is assumed to be linear elastic and the matrix to be linear vis-
coelastic; its behavior is modeled by the three-parameter standard solid model: A
spring in series to another spring which is parallel to a dashpot. Figure 5.10 illus-
trates the material model of the matrix. The stress-strain relation of such a model
µI
µII
ηµ
σdij σ
d
ij
KI
KII
ηK
σh σh
Figure 5.10.: Three-parameter standard solid.
becomes
σh + ah1
dσ
dt
= bh0ε+ b
d
1
dεh
dt
, (5.23a)
σdij + a
d
1
dσdij
dt
= bd0εij + b
d
1
dεdij
dt
, (5.23b)
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where
ah1 =
ηK
KI +KII
, bh0 =
KIKII
KI +KII
, bh1=
ηKKII
KI +KII
, (5.24a)
ad1 =
ηµ
µI + µII
, bd0 =
µIµII
µI + µII
, bd1=
ηµµII
µI + µII
. (5.24b)
Applying the Laplace transforms to Eq. (5.23) leads to the following expressions for
Eqs. (2.78):
A
h = 1 + ah1 s¯, B
h = bh0 + b
h
1 s¯,
A d = 1 + ad1s¯, B
d = bd0 + b
d
1s¯,
(5.25)
and the corresponding material parameters in the s¯-domain become1:
E¯ =
EIEII
EI + EII
+
ηEEII
EI + EII
s¯
1 +
ηE
EI + EII
s¯
(5.26)
and
ν¯ =


EIEII
EI + EII
+
ηEEII s¯
EI + EII
1 +
ηE s¯
EI + EII
−
2
(
µIµII
µI + µII
+
ηµµIIs
µI + µII
)
1 +
ηµs¯
µI + µII


(
1 +
ηµs¯
µI + µII
)
2
(
µIµII
µI + µII
+
ηµµII s¯
µI + µII
)
(5.27)
1 In the book of Chevalier & Tuong [56], E(t) and µ(t) are presented in the form
E(t) = E∞ [1 + kE exp(−t/τE)] Θ(t), µ(t) = µ∞ [1 + µµ exp(−t/τµ)] Θ(t).
For epoxy resin, the parametersE∞ = 3.4 GPa, kE = 0.182, τE = 58.5·10−6 s, µ∞ = 1, 29 GPa,
kµ = 0.185, and τµ = 44.6 · 10−6 s are listed in Tab. 2.9 in [56]. With known parameters E¯ and
µ¯ the corresponding Poisson’s ratio ν¯ is determined.
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Diffusion of the fiber force is investigated for a steel fiber and a polymer matrix.
The parameters are listed in the following table:
Parameters of the steel fiber
E(1) = 210 GPa, −
Material parameters of epoxy resin
EI = 22.081 GPa, µI = 8.263 GPa
EII = 4.019 GPa, µII = 1.529 GPa
ηE = 1.527 · 10−3 GPa s, ηµ = 0.437 · 10−3 GPa s
Material parameters of PVC
EI = 0.059 GPa, µI = 0.02 GPa
EII = 0.029 GPa, µII = 0.009 GPa
ηE = 6215.382 GPa s, ηµ = 2165.308 GPa s
The material parameters of epoxy resin and PVC are determined from Tab. 2.9 in
[56]. Figures 5.11 and 5.12 illustrate the diffused load for different distances from
the initial load P for t = 0 and t→∞ with T¯ = T/P and x¯2 = x2/h. The maximum
difference of the load for t = 0 and t → ∞ is ∆T¯ = Tˆ
∣∣∣
t=0
− Tˆ
∣∣∣
t→∞
> 0.015 for
the composite with the epoxy resin matrix and ∆T¯ > 0.04 for the PVC matrix.
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∣∣∣
t→∞
Figure 5.11.: Diffusion of the fiber force: Steel fiber in a epoxy resin matrix.
The solution of Melan’s problem with viscoelastic components is exact and gives a
reference for numerical solutions.
5.2.2. Stress distribution in the matrix after loading of the fibers
This section is devoted to the analysis of load and stress diffusion form a loaded
fiber into a viscoelastic matrix for a three dimensional problem. Because the exact
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Figure 5.12.: Diffusion of the fiber force: Steel fiber in a PVC matrix.
treatment of this problem is difficult, the solution of this problem is constructed
partially numerically.
A hexagonal lattice of equidistant and parallel fibers with the radii r0 is analyzed
(see Fig. 5.13). These fibers are loaded by a force P , which is evenly distributed on
x2
x1
Figure 5.13.: Hexagonal structure of
a fiber-reinforced composite.
x1
ϕ
rx2 x3
r0
P
R
Figure 5.14.: Approximation of a
single unit cell.
the cross section surface of the fibers. According to the cylinder assemblage model
[57, 75, 80] for small and medium fiber volume fractions c(1), the problem can be
investigated within one single unit cell of the outer radius R, where 2R is equal
to the distance between two parallel sides of a hexagon of the lattice. The fiber is
a one-dimensional continuum with negligible transverse deformation. According to
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Lenci & Menditto2 [109], the displacements and stresses in the matrix can be
written as
u(3)r (r, x3) = −
∂2WL(r, x3)
∂r∂x3
, (5.28a)
u(3)x3 (r, x3) = 2 (1− ν¯)∇2WL(r, x3)−
∂2WL(r, x3)
∂x23
, (5.28b)
and
σ(3)rr (r, x3) = 2µ¯
∂
∂x3
[
ν¯ ∇2WL(r, x3)− ∂
2WL(r, x3)
∂r2
]
, (5.29a)
σ(3)ϕϕ(r, x3) = 2µ¯
∂
∂x3
[
ν¯ ∇2WL(r, x3)− 1
r
∂WL(r, x3)
∂r
]
, (5.29b)
σ(3)x3x3(r, x3) = 2µ¯
∂
∂x3
[
(2− ν¯)∇2WL(r, x3)− ∂
2WL(r, x3)
∂x23
]
, (5.29c)
σ(3)rx3(r, x3) = 2µ¯
∂
∂r
[
(1− ν¯)∇2WL(r, x3)− ∂
2WL(r, x3)
∂x23
]
, (5.29d)
where µ¯ = µ¯(s¯) and ν¯ = ν¯(s¯) are the Laplace transforms of µ(t) and ν(t),
∇2 = ∂
2
∂r2
+
1
r
∂
∂r
+
∂
∂x23
, (5.30)
and WL is the so-called “Love potential” [109]. Body forces are not taken into
account, so that one can state [22, 109]:
∇2∇2WL = 0. (5.31)
The longitudinal displacement of the fiber u
(1)
x3 is obtained by the following relation
[22]:
E(1)
∂2u
(1)
x3
∂x23
+
σ0
s¯
δ(x3) + f(x3) = 0, (5.32)
where
f(x3) =
1
pir20
2pi∫
0
σ(3)r0x3(r0, x3)r0 dϕ =
σ
(3)
rx3(r, x3)
2r0
, (5.33)
and δ(x3) is the Dirac delta function
3. For a continuous function f(x) one can write
2 This article deals with linear-elastic problems. Following to the correspondence principle [67],
the here presented equations already take into account viscoelastic behavior of the matrix
material.
3The unit of the Dirac delta is the inverse of its argument.
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[45]
b∫
a
f(x) δ(x− x0) dx =

 f(x0) if x0 is in the interval between a and b,0 if x0 is not in the interval between a and b.
(5.34)
σ0 = − Ppir20 is the initial stress at the free end of the fiber. Neglecting the transverse
deformation and taking into account perfect bonding between fiber and matrix gives
the following boundary conditions:
u(1)r (r, x3)
∣∣
r=r0
= u(3)r (r, x3)
∣∣
r=r0
= 0, (5.35a){
u(1)x3 (r, x3) = u
(3)
x3
(r, x3)
}∣∣
r=r0
. (5.35b)
The analysis of the boundary conditions at the outer surface (r = R0) of the unit
cell reveals the following conditions:
σ(3)rr (r, x3)
∣∣
r=R0
= 0, (5.36a)
σ(3)rx3(r, x3)
∣∣
r=R0
= 0. (5.36b)
Condition (5.36a) results from the symmetric configuration of the unit cells. A sim-
plification corresponding to the cylinder assemblage model states, that the stresses
and strains at the outer boundary of the heterogeneous structure (r → ∞) can be
equivalently transferred to the outer boundary of the unit cell [22]. For the simpli-
fication of the problem, the Fourier transform from the x1-domain into the s¯-domain
is applied [45],
f(x1) = L¯
−1
(f(x1)) =
1
2pi
∞∫
−∞
exp(js¯x1)f¯(s¯) dx1, (5.37)
and the displacements presented in Eqs. (5.28) become
u¯(3)r (r, s¯) = js¯
∂WL(r, s¯)
∂r
, (5.38a)
u¯(3)x3 (r, s¯) = 2 (1− ν) ∇¯
2
W¯L(r, s¯) + s¯ W¯L(r, s¯). (5.38b)
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The stresses (5.29) can be written as
σ¯(3)rr (r, s¯) = −2µjs¯
[
ν ∇¯2W¯L(rs¯)− ∂
2W¯L(r, s¯)
∂r2
]
, (5.39a)
σ¯(3)ϕϕ(r, s¯) = −2µjs¯
[
ν ∇¯2W¯L(r, s¯)− 1
r
∂W¯L(r, s¯)
∂r
]
, (5.39b)
σ¯(3)x3x3(r, s¯) = −2µjs¯
[
(2− ν) ∇¯2W¯L(r, s¯) + s¯2W¯L(r, s¯)
]
, (5.39c)
σ¯(3)rx3(r, s¯) = 2µ
∂
∂r
[
(1− ν) ∇¯2W¯L(r, s¯) + s¯2W¯L(r, s¯)
]
. (5.39d)
Condition (5.31) in the s¯-domain reads
∇¯2∇¯2W¯L(r, s¯) = 0, (5.40)
where
∇¯2 = ∂
2
∂r2
+
1
r
∂
∂r
− s¯ (5.41)
is the Fourier transformed counterpart of the operator in Eq. (5.30).
Lenci [109] gives the following general solution of Eq. (5.40)
W¯L(r, s¯) = D1I0(|s¯|r) +D2|s¯|rI1(|s¯|r) +D3I0(|s¯|r) +D4|s¯|rI1(|s¯|r), (5.42)
where In(x) and Kn(x) are modified Bessel functions of the n-th order. These
functions are defined as [45]
In(x) =
∞∑
i=0
(x
2
)2i+n
i! Γ(i+ n+ 1)
, (5.43a)
Kn(x) =
pi
2
I−n(x)− In(x)
sin nx
. (5.43b)
Γ(x) is the gamma function [45]:
Γ(y) =
∞∫
0
xy−1 exp(−x) dx. (5.44)
The Fourier transformed of Eq. (5.32), solved for the displacement u¯(1)r of the fiber,
reads
u¯(1)r (r, s¯) =
2
r0
σ¯(3)rx3(r, s¯) + σ0
E(1)s¯2
. (5.45)
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The unknowns D1(s¯), D2(s¯), D3(s¯), and D4(s¯) are determined by the Fourier trans-
formed counterparts of the BCs in Eqs. (5.35) and (5.36):
u¯(1)r (r, s¯)
∣∣∣
r=r0
= u¯(3)r (r, s¯)
∣∣∣
r=r0
= 0, (5.46a){
u¯(1)x3 (r, s¯) = u¯
(3)
x3 (r, s¯)
}∣∣∣
r=r0
, (5.46b)
σ¯(3)rr (r, s¯)
∣∣∣
r=R0
= 0, (5.46c)
σ¯(3)rx3(r, s¯)
∣∣∣
r=R0
= 0. (5.46d)
Example: A hexagonal lattice consisting of parallel and equidistant steel fibers in
an epoxy resin matrix is considered. The matrix is considered to be visoelastic, its
behavior is described by the three-parameter standard solid. The parameters of this
problem are listed in the following table:
Parameters of the steel fiber
E(1) = 210 GPa, r0 = 0.005 m
R0 = 5r0 −
Material parameters of epoxy resin [56]
EI = 22.081 GPa, µI = 8.263 GPa
EII = 4.019 GPa, µII = 1.529 GPa
ηE = 1.527 · 10−3 GPa s, ηµ = 0.437 · 10−3 GPa s
Two examples for the stress distribution in the matrix at r = r0 are shown in Fig.
5.15.
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Figure 5.15.: Diffusion of the fiber force: Steel fiber in a epoxy resin matrix.
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5.3. Discussion
The first part of this chapter is devoted to the analysis of wave propagation in
layered composites with viscoelastic components. The superposition of viscoelasti-
city and imperfect bonding has been analyzed. Examples illustrate the formation
of frequency bands. Basic considerations of the application of approximation meth-
ods are discussed in Sec. 1.3 and in chapter 3. Further ideas are the combination
of the here and in chapter 4 presented results, the interaction of different bonding
conditions and viscoelastic effects.
The second part of this chapter analyzes the stress distribution in a viscoelastic
matrix after application of loads on fibers. Next considerations which result from
the here presented ideas are to investigate the influence of the stress distribution on
wave propagation. Nonlinear effects are taken into account by Andrianov et al.
[15, 25] and give a first idea of further steps in the here proposed direction.
6. Conclusions and further ideas
In the present work, wave propagation and load-transfer in composites are investig-
ated. Different material behaviors are taken into account. Linear elasticity describes
the most simple case of material behavior and gives a sufficient approximation of
the real problem in many cases. Taking into account different kinds of nonlinearity
reveals numerous effects which do not occur in linear problems. The study of these
effects, for example the influence of nonlinearity on the dispersion relation, leads to
a higher accuracy in nondestructive testing methods. First and foremost, the wide-
spread use of polymers in technical devices has lead to the need of intense studies
of the influence of viscoelastic behavior on the mechanical and acoustic properties
of heterogeneous structures.
In addition to perfect bonding between the components, different kinds of im-
perfect bonding are taken into account. Figure 6.1 illustrates in plot 1○ the here
analyzed cases of a linear relation between the difference in displacement ∆u of
two neighboring components and the stress σ at their common interface. The case
of linear, but non-symmetric relation between stress and the displacement is also
taken into account, see plot 2○. Nonlinearity due to bonding conditions has also
been considered 3○.
σ
∆u
2○
3○
4○
1○ 5○
Figure 6.1.: Different bonding conditions.
The here presented results provide numerous possibilities in engineering, geo-
science, and medicine, where nondestructive investigation is the quickest, cheapest,
and often the only investigation method. These results lead to further research
questions. Some of these questions can be pointed out as follows:
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• While in this thesis the nonlinear behavior is restricted to the application of the
Murnaghan model, other material models have to be investigated, for example
when the deformation becomes large and the advantages of the Murnaghan
model decrease. The Signorini model for example gained interest during the
last years [140], and further work on this model might lead to interesting
results.
• Additionally to the here considered bonding conditions, taking into account
plasticity in models for imperfect bonding leads to new challenges in the in-
vestigation of acoustic and mechanics properties of composites (see curves 4○
and 5○ in Fig. 6.1).
• For the investigation of the acoustic properties of composites, longitudinal
wave propagation in layered structures and anti-plane shear waves orthogonal
to the direction of parallel fibers are considered. Further interest lies in the
investigation of structures with three-dimensional periodicity and propagation
of waves in arbitrary directions.
• Nonlinear and viscoelastic effects are separately treated in this work. In real
structures, both effects occur simultaneously.
• The analysis of heterogeneous structures often requires the simplification of a
given problem which makes the treatment of the governing situation easier.
Nevertheless, it is still a challenging task to find solutions for problems which
are as close as possible to the real problem. The following itemization gives
some ideas on this issue:
– One idealization which is taken into account for wave propagation is the
spatial delimitation of the composite structure. Problems with limited
numbers of unit cells are one of the next objectives which result from
here investigated tasks.
– Another here considered simplification is the assumption that the com-
posite structure consists of periodically repeated and identical unit cells.
Although one part of this work is devoted to the effect of disordering, the
largest part of the thesis considers regular structures. In real composites,
disordering is not the exception, but the rule so that the investigation of
effective properties of disordered structures remain interesting.
– Wave propagation through a previously unstressed composite is con-
sidered. The last part of this work is devoted to the stress distribution
in a viscoelastic matrix after loading the fibers. The stress distribution
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in the installed situation affects wave propagation. A detailed study of
the relation between load, stress, and the acoustic properties remains
open.
• The here presented examples mainly deal with propagation of acoustic waves.
The obtained results are not restricted to this topic and can be applied to
analyze similar problems like propagation of electromagnetic waves in photonic
crystals and heat transfer in heterogeneous structures.
A. Comments on Chapter 4
A.1. Simplification of the 1D wave equation
The homogenized wave equation (3.37) is achieved by using condition (3.38). To-
gether with condition (3.34c), which describes the equality of stresses of two com-
ponents an their common boundary, and the periodicity condition (3.26), which
couples the stress conditions at the outer boundaries of a unit cell, the following
explanation illustrates how condition (3.38) is obtained.
n∑
m=1
E(m)
∫
Ω(m)
∂2u
(m)
1,i
∂y∂ζ
+
∂2u
(m)
1,i+1
∂ζ2
dζ
= E(n)
(
∂u
(n)
1,i
∂y
+
∂u
(n)
1,i+1
∂ζ
)∣∣∣∣∣
∂Ω
(n−1,n)
−
Ω
(n,n)
−
+ E(n−1)
(
∂u
(n−1)
1,i
∂y
+
∂u
(n−1)
1,i+1
∂ζ
)∣∣∣∣∣
∂Ω
(n−2,n−1)
−
Ω
(n−1,n)
−
+ . . . + E(n−1)
(
∂u
(n−1)
1,i
∂y
+
∂u
(n−1)
1,i+1
∂ζ
)∣∣∣∣∣
Ω
(n−1,n)
+
∂Ω
(n−2,n−1)
+
+ E(n)
(
∂u
(n)
1,i
∂y
+
∂u
(n)
1,i+1
∂ζ
)∣∣∣∣∣
Ω
(n,n)
+
∂Ω
(n−1,n)
+
= E(n)
(
∂u
(n)
1,i
∂y
+
∂u
(n)
1,i+1
∂ζ
)∣∣∣∣∣
∂Ω
(n,n)
+
Ω
(n,n)
−︸ ︷︷ ︸
=0
+
{
E(n)
(
∂u
(n)
1,i
∂y
+
∂u
(n)
1,i+1
∂ζ
)
− E(n−1)
(
∂u
(n−1)
1,i
∂y
+
∂u
(n−1)
1,i+1
∂ζ
)}∣∣∣∣∣
∂Ω
(n−1,n)
−︸ ︷︷ ︸
=0
+ · · · = 0
(A.1)
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A.2. Imperfect bonding: non-symmetric behavior
The problem of non-symmetric and imperfect bonding is investigated within the
unit cell presented in Fig. A.1. Substitution of i = 1 into wave Eq. (3.34a) and
ε−1`(1)
component Ω(2)
component Ω(1)
L = ε−1`
ε−1`(2)
ζ1
Figure A.1.: One single unit cell of the composite with dimensioning in terms of
the fast coordinate.
keeping in mind that u1,−1 = 0, u1,0 = u1,0(t, y1), and u
(m)
1,1 = u
(m)
1,1 (t, y1) gives:
E(m)
(
∂2u
(m)
1,−1
∂y21
+ 2
∂2u1,0
∂y1∂ζ1
+
∂2u
(m)
1,1
∂ζ21
)
= ρ(m)
∂2u
(m)
1,−1
∂t2
⇔ ∂
2u
(m)
1,1
∂ζ21
= 0 ⇔ u(m)1,1 =
(
a(m) + b(m)ζ1
) ∂u1,0
∂y1
. (A.2)
Eq. (3.34c) gives the following relation:
b(2) =
E(1)
E(2)
(
1 + b(1)
)− 1. (A.3)
The differences of the displacements at ζ1 = `
(1) read{

(
u
(2)
1,1 − u(1)1,1
)
=
(
γ
(1,2)
1 + γ
(1,1)
2 sgn
[(
1 + b(1)
) ∂u1,0
∂y1
])
× E(1)
[(
1 + b(1)
) ∂u1,0
∂y1
]}∣∣∣∣
ζ1=`(1)
,
(A.4)
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At the outer boundaries of the unit cell, the displacements are related by
−
(
u
(2)
1,1
∣∣∣
ζ1=`
− u(1)1,1
∣∣∣
ζ1=0
)
=
{(
γ
(1,2)
1 + γ
(1,1)
2 sgn
[(
1 + b(1)
) ∂u1,0
∂y1
])
× E(1)
[(
1 + b(1)
) ∂u1,0
∂y1
]}∣∣∣∣
ζ1=0
.
(A.5)
Combining Eqs. (A.2) - (A.5) gives
1 + b(1) =
E(2)`
E(1)`(2) + E(2)`(1) + 2
[
γ
(1,2)
1 + γ
(1,2)
2 sgn
[
∂u1,0
∂y1
(1 + b(1))
]]
E(1)E(2)
.
(A.6)
The following case-by-case analysis of Eq. (A.6) searches for valid values for b(1):
• b(1) > −1:
The l.h.s. of Eq. (A.6) is positive. This condition is fulfilled when the denom-
inator of the r.h.s. in becomes
E(1)`(2) + E(2)`(1) + 2
[
γ
(1,2)
1 + γ
(1,2)
2 sgn
(
∂u1,0
∂y1
)]
E(1)E(2) > 0. (A.7)
• b(1) = −1:
The l.h.s. of Eq. (A.6) is equal to zero. This condition is fulfilled when the
denominator of the r.h.s. becomes
E(1)`(2) + E(2)`(1) + 2γ
(1,2)
1 E
(1)E(2) →∞. (A.8)
• b(1) < −1:
The l.h.s. of Eq. (A.6) is equal to zero. This condition is fulfilled when the
denominator of the r.h.s. becomes
E(1)`(2) + E(2)`(1) + 2
[
γ
(1,2)
1 − γ(1,2)2 sgn
(
∂u1,0
∂y1
)]
E(1)E(2) < 0. (A.9)
Because of γ
(1,2)
1 ≥ γ(1,2)2 ≥ 0, inequality (A.9) cannot be fulfilled. The lengths and
the moduli have finite values so that condition (A.8) is also unsatisfiable. The only
acceptable case is presented by inequality (A.7), so that
sgn
[
∂u1,0
∂y1
(
1 + b(1)
)]
= sgn
(
∂u1,0
∂y1
)
. (A.10)
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A.3. Plane-wave expansion
After substitution of the Fourier series expansion (3.72) - (3.74) into wave Eq. (2.26),
the terms of this wave equation can be rewritten in the following way1 to obtain Eq.
(3.75):
∂µ(~x)
∂x1
∂u3
∂x1
= ej(
~k·~x+ωt)
{ ∑
m1,m2
µm1
m1
ej
2pi
`
(m1x1+m2x2)j
2pi
`
m1
}
×
{ ∑
m1,m2
Um1
m1
ej
2pi
`
(m1x1+m2x2)
(
j
2pi
`
m1 + jk1
)}
= ej(
~k·~x+ωt)
∑
m1,m2,n1,n2
Um1
m1
µn1−m1
n2−m1
ej
2pi
`
(n1x1+n2x2)
(
j
2pi
`
m1 + jk1
)
×
(
j
2pi
`
(n1 −m1)
)
,
and
µ(~x)
∂2u3
∂x21
= ej(
~k·~x+ωt)
{ ∑
m1,m2
Bm1
m1
ej
2pi
`
(m1x1+m2x2)
}
×
{ ∑
m1,m2
Am1
m1
ej
2pi
`
(m1x1+m2x2)
(
j
2pi
`
m1 + jk1
)2}
= ej(
~k·~x+ωt)
∑
m1,m2,n1,n2
Um1
m1
µn1−m1
n2−m1
ej
2pi
`
(n1x1+n2x2)
(
j
2pi
`
m1 + jk1
)2
,
1For reasons of clarity, instead of
∞∑
m1=−∞
∞∑
m2=−∞
the notation
∑
m1,m2
is used and instead of
∞∑
m1=−∞
∞∑
m2=−∞
∞∑
n1=−∞
∞∑
n2=−∞
the notation
∑
m1,m2,n1,n2
is used.
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and
ρ(~x)
∂2u3
∂t2
= ej(
~k·~x+ωt)
∞∑
m1,m2=−∞
ρm1
m1
ej
2pi
`
(m1x1+m2x2)
×
∞∑
m1,m2=−∞
Um1
m1
ej
2pi
`
(m1x1+m2x2) (jω)2
= ej(
~k·~x+ωt)
∑
m1,m2,n1,n2
Um1
m1
ρn1−m1
n2−m1
ej
2pi
`
(n1x1+n2x2) (jω)2 .
B. Comments on Chapter 5
B.1. Homogenized wave equation: nonlinear elastic
components
The following homogenized wave equation is obtained after application of the aver-
aging operator (3.36) to wave Eq. (4.8)
1
ε−1`
∫
Ω0
α(m)
(
∂2u
(m)
1,i−2
∂y21
+ 2
∂2u
(m)
1,i−1
∂y1∂ζ1
+
∂2u
(m)
1,i
∂ζ21
)
+ β(m)
i−1∑
k=0
(
∂u
(m)
1,k
∂y1
+
∂u
(m)
1,k+1
∂ζ1
)(
∂2u
(m)
1,i−k−2
∂y21
+ 2
∂2u
(m)
1,i−k−1
∂y1∂ζ1
+
∂2u
(m)
1,i−k
∂ζ21
)
dζ1
=
1
ε−1`
∫
Ω0
ρ(m)
∂2u
(m)
1,i−2
∂t2
dζ1,
(B.1)
or, after rearrangement:
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⇔ 1
ε−1`
∫
Ω0
α(m)
(
∂2u
(m)
1,i−2
∂y21
+
∂2u
(m)
1,i−1
∂y1∂ζ1
+
∂2u
(m)
1,i−1
∂y1∂ζ1
+
∂2u
(m)
1,i
∂ζ21
)
+ β(m)
i−1∑
k=0
(
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k−2
∂y21
+
∂u
(m)
1,k
∂y1
2
∂2u
(m)
1,i−k−1
∂y1∂ζ1
+
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k
∂ζ21
+
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k−2
∂y21
+
∂u
(m)
1,k+1
∂ζ1
2
∂2u
(m)
1,i−k−1
∂y1∂ζ1
+
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k
∂ζ21
)
dζ1
=
1
ε−1`
∫
Ω0
ρ(m)
∂2u
(m)
1,i−2
∂t2
dζ1.
(B.2)
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Together with these integrations by parts
1 :
∫
Ω0
(
∂2u
(m)
1,i−1
∂y1∂ζ1
+
∂2u
(m)
1,i
∂ζ21
)
dζ1=
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)∣∣∣∣∣
Ω0
, (B.3a)
2 :
∫
Ω0
(
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k−1
∂y1∂ζ1
)
dζ1 =
(
∂u
(m)
1,k
∂y1
∂u
(m)
1,i−k−1
∂y1
)∣∣∣∣∣
Ω0
−
∫
Ω0
(
∂2u
(m)
1,k
∂y1∂ζ1
∂u
(m)
1,i−k−1
∂y1
)
dζ1, (B.3b)
3 :
∫
Ω0
(
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k
∂ζ21
)
dζ1 =
(
∂u
(m)
1,k
∂y1
∂u
(m)
1,i−k
∂ζ1
)∣∣∣∣∣
Ω0
−
∫
Ω0
(
∂2u
(m)
1,k
∂y1∂ζ1
∂u
(m)
1,i−k
∂ζ1
)
dζ1, (B.3c)
4 :
∫
Ω0
(
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k−1
∂y1∂ζ1
)
dζ1=
(
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k−1
∂y1
)∣∣∣∣∣
Ω0
−
∫
Ω0
(
∂2u
(m)
1,k+1
∂ζ21
∂u
(m)
1,i−k−1
∂y1
)
dζ1, (B.3d)
5 :
∫
Ω0
(
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k
∂ζ21
)
dζ1 =
(
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k
∂ζ1
)∣∣∣∣∣
Ω0
−
∫
Ω0
(
∂2u
(m)
1,k+1
∂ζ21
∂u
(m)
1,i−k
∂ζ1
)
dζ1, (B.3e)
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Eq. (B.2) becomes
⇔ 1
ε−1`
∫
Ω0
α(m)
(
∂2u
(m)
1,i−2
∂y21
+
∂2u
(m)
1,i−1
∂y1∂ζ1
)
+ β(m)
i−1∑
k=0
(
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k−2
∂y21
+
∂u
(m)
1,k
∂y1
3
2
∂2u
(m)
1,i−k−1
∂y1∂ζ1
− 1
2
2︷ ︸︸ ︷
∂2u
(m)
1,k
∂y1∂ζ1
∂u
(m)
1,i−k−1
∂y1
+
1
2
∂u
(m)
1,k
∂y1
∂2u
(m)
1,i−k
∂ζ21
− 1
2
3︷ ︸︸ ︷
∂2u
(m)
1,k
∂y1∂ζ1
∂u
(m)
1,i−k
∂ζ1
+
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k−2
∂y21
+
∂u
(m)
1,k+1
∂ζ1
3
2
∂2u
(m)
1,i−k−1
∂y1∂ζ1
− 1
2
4︷ ︸︸ ︷
∂2u
(m)
1,k+1
∂ζ21
∂u
(m)
1,i−k−1
∂y1
+
1
2
∂u
(m)
1,k+1
∂ζ1
∂2u
(m)
1,i−k
∂ζ21
− 1
2
5︷ ︸︸ ︷
∂2u
(m)
1,k+1
∂ζ21
∂u
(m)
1,i−k
∂ζ1
)
dζ1 +
{
α(m)
1︷ ︸︸ ︷(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)
+
β(m)
2
i−1∑
k=0
( 2︷ ︸︸ ︷
∂u
(m)
1,k
∂y1
∂u
(m)
1,i−k−1
∂y1
+
3︷ ︸︸ ︷
∂u
(m)
1,k
∂y1
∂u
(m)
1,i−k
∂ζ1
+
4︷ ︸︸ ︷
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k−1
∂y1
+
5︷ ︸︸ ︷
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k
∂ζ1
)}∣∣∣∣∣
Ω0
=
1
ε−1`
∫
Ω0
ρ(m)
∂2u
(m)
1,i−2
∂t2
dζ1.
Together with condition (also see Sec. A.1 in the appendix)
{
α(m)
(
∂u
(m)
1,i−1
∂y1
+
∂u
(m)
1,i
∂ζ1
)
+
β(m)
2
i−1∑
k=0
(
∂u
(m)
1,k
∂y1
∂u
(m)
1,i−k−1
∂y1
+
∂u
(m)
1,k
∂y1
∂u
(m)
1,i−k
∂ζ1
+
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k−1
∂y1
+
∂u
(m)
1,k+1
∂ζ1
∂u
(m)
1,i−k
∂ζ1
)}∣∣∣∣∣
Ω0
= 0,
Eq. (4.13) is obtained.
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B.2. Homogenized wave equations of the order O(0)
Eq. (3.35) gives the following condition:
1
L
∫
Ω0
u
(m)
1 dζ = 0 ⇔
1
L

(a(2)− ζ1 + b(2)− ζ212
)∣∣∣∣−
`(1)
2
− `
2
+
(
a(1)ζ1 + b
(1) ζ
2
1
2
)∣∣∣∣
`(1)
2
−`(1)
2
+
(
a
(2)
+ ζ1 + b
(2)
+
ζ21
2
)∣∣∣∣
`
2
`(1)
2

 = 0. (B.4)
Here, the coefficients with the subscript − (+) describe the conditions on the l.h.s.
(r.h.s.) of the unit cell in Fig. 3.24. The second BC in Eq. (3.34d) describes the
displacements at the outer boundary of the unit cell
u
(2)
1,1−
∣∣∣
ζ1=− `2
= u
(2)
1,1+
∣∣∣
ζ1=
`
2
⇔ a(2)− − b(2)−
`
2
= a
(2)
+ + b
(2)
+
`
2
. (B.5)
The third BC in Eq. (3.34b) describes the displacements at the boundaries ∂Ω(1,2):
{
u
(1)
1,1 = u
(2)
1,1±
}∣∣∣
ζ1=± `(1)2
⇔ a(1) ± b(1) `
(1)
2
= a
(2)
± ± b(2)±
`(1)
2
. (B.6)
At the outer boundaries of the unit cell the stresses are equal, to that Eq. (4.11)
gives the following fourth BC:

α(2)
(
∂u
(2)
1,0
∂y1
+
∂u
(2)
1,1
∂ζ1
)
+
β(2)
2
(
∂u
(2)
1,0
∂y1
+
∂u
(2)
1,1
∂ζ1
)2

∣∣∣∣∣∣
ζ1=− `2
=

α(2)
(
∂u
(2)
1,0
∂y1
+
∂u
(2)
1,1
∂ζ1
)
+
β(2)
2
(
∂u
(2)
1,0
∂y1
+
∂u
(2)
1,1
∂ζ1
)2

∣∣∣∣∣∣
ζ1=
`
2
,
(B.7)
so that one can conclude
b
(2)
− = b
(2)
+ . (B.8)
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From now on b
(2)
± = b
(2) is used. Together with Eq. (B.8) Eqs. (B.4) (B.6) become
(
a
(2)
− + a
(2)
+
) `(2)
2
+ 2a(1)
`(1)

= 0
2a(1) = a
(2)
− + a
(2)
+

 ⇒ a
(1) = 0, a
(2)
− = −a(2)+ .
(B.9)
Substitution of this result into Eq. (B.5) gives:
a
(2)
− = b
(2) `
2
, a
(2)
+ = −b(2)
`
2
(B.10)
Substitution Eq. (B.10) in Eq. (B.6) gives the following relation:
b(2) = −b(1) `
(1)
`(2)
. (B.11)
The coefficient b(1) can now be determined by combining Eqs. (B.11) and (4.9) in
the following way:
⇒ α(1) (1 + b(1))+ β(1)
2
∂u1,0
∂y1
(
1 + b(1)
)2
= α(2)
(
1− `
(1)
`(2)
b(1)
)
+
β(2)
2
∂u1,0
∂y1
(
1− `
(1)
`(2)
b(1)
)2
⇔ [b(1)]2
A¯1︷ ︸︸ ︷(
β(2)
2
[
`(1)
`(2)
]2
− β
(1)
2
)
∂u1,0
∂y1
+ b(1)
B¯1︷ ︸︸ ︷[
−
(
β(2)
`(1)
`(2)
+ β(1)
)
∂u1,0
∂y1
− α(2) `
(1)
`(2)
− α(1)
]
+
(
β(2)
2
− β
(1)
2
)
∂u1,0
∂y1
+ α(2) − α(1)︸ ︷︷ ︸
C¯1
= 0. (B.12)
Using the abbreviations A¯1, B¯1, and C¯1 and solving this equation for
[
b(1)
]
gives:
b(1) = − B¯1
2A¯1
+
√(
B¯1
2A¯1
)2
− C¯1
A¯1
. (B.13)
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Applying the following series expansion [45]
√
1− x = 1− 1
2
x− 1
8
x2 + . . . . (B.14)
and taking into account the first three summands of the series expansion, Eq. (B.13)
can be rewritten as:
b(1) = − B¯1
2A¯1
[
1
2
· 4C¯1A¯1
B¯21
+
1
8
·
(
4C¯1A¯1
B¯21
)2
+ . . .
]
. (B.15)
For simplification of the problem, the coefficients a(m) and b(m) are expanded into
the following Taylor series, with just taking into account the first summands:
a(m) = a
(m)
0 + a
(m)
1
∂u1,0
∂y1
, (B.16a)
b(m) = b
(m)
0 + b
(m)
1
∂u1,0
∂y1
, (B.16b)
Eq. (B.15) gives b(1) so that b(2) can be determined by (B.11) and so on.
The homogenized wave equation of the order O(0) can be determined by substi-
tution of i = 2 into Eq. (4.13):
⇒ 1
ε−1`
∫
Ω0
α(m)
(
∂2u
(m)
1,0
∂y21
+
∂2u
(m)
1,1
∂y1∂ζ1
)
+ β(m)
(
∂u
(m)
1,0
∂y1
∂2u
(m)
1,0
∂y21
+
∂u
(m)
1,0
∂y1
∂2u
(m)
1,1
∂y1∂ζ1
+
∂u
(m)
1,1
∂ζ1
∂2u
(m)
1,0
∂y21
+
∂u
(m)
1,1
∂ζ1
∂2u
(m)
1,1
∂y1∂ζ1
)
dζ1 =
1
ε−1`
∫
Ω0
ρ(m)
∂2u
(m)
1,0
∂t2
dζ1. (B.17)
After substitution of the Taylor series of the coefficients in Eqs. (B.16), Eq. (B.17)
gives
⇒ 1
ε−1`
∫
Ω0
α(m)
(
1 + b
(m)
0
) ∂2u(m)1,0
∂y21
+
[
α(m)b
(m)
1 + β
(m)
(
1 + 2b
(m)
0 +
[
b
(m)
0
]2)] ∂u(m)1,0
∂y1
∂2u
(m)
1,0
∂y21
dζ1
=
1
ε−1`
∫
Ω0
ρ(m)
∂2u
(m)
1,0
∂t2
dζ1, (B.18)
and the homogenized wave Eq. (4.16) of the order O(0) is obtained.
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